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In this paper, we mainly investigate the well-posedness of the four-order degenerate
differential equation (Py): (Muw)""(t) + a(Lu)"" (t) + (Lu)" (t)

= BAu(t) + vBu/ (t) + Gu; + Fus + f(t), (t € [0, 27]) in periodic Lebesgue—Bochner
spaces LP(T; X) and periodic Besov spaces By ,(T; X), where A, B, L and M are
closed linear operators on a Banach space X such that

D(A)NnD(B) C D(M)ND(L) and «, B, v € C, G and F are bounded linear
operators from LP([—27, 0]; X) (respectively By ,([—2m, 0]; X)) into X,

ue(-) = u(t+ ) and uf(-) = v/ (t + -) are defined on [—2m, 0] for ¢ € [0, 27]. We
completely characterize the well-posedness of (P4) in the above two function spaces
by using known operator-valued Fourier multiplier theorems.
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1. Introduction

The characterizations of the well-posedness for abstract degenerate differential
equations with periodic initial conditions have been studied extensively in the last
years. See e.g. [5-11], [14-20] and the references therein. For examples, Lizama
and Ponce [16] considered the first-order degenerate equation:

(Mu)'(t) = Au(t) + f(t), (teT:=]0,2n7]), (1.1)

they gave necessary and sufficient conditions to guarantee the well-posedness of (1.1)
in Lebesgue-Bochner spaces LP(T; X), periodic Besov spaces B, ,(T; X) and peri-
odic Triebel-Lizorkin spaces F}; ,(T; X') under some appropriate assumptions on the
modified resolvent operator determined by (1.1). Moreover, they also investigated
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the first-order degenerate equation with infinite delay [17]:

t

(Mu) (t) = aAu(t) —|—/ a(t — s)Au(s)ds+ f(t), (teT), (1.2)

— 00

where A and M are closed linear operators defined on a Banach space X with
D(A) € D(M), a € L*(R,) is a scalar-valued kernel, o € R\ {0} and f an X-valued
function defined on T.

Bu [9] considered a new second-order degenerate equation and gave necessary or
sufficient conditions for this equation to be LP-well-posed (respectively B -well-
posed and F;q-well—posed), which recover some known results presented in [5, 6,
10] in the simpler case M = Ix. We notice that third-order differential equa-
tions also describe some kinds of models arising from natural phenomena, such as
flexible space structures with internal damping, the well-posedness of third-order
differential equations has been investigated extensively by many authors. See [1-3,
7, 8,13, 14, 19] for more information and references therein. For example, Poblete
and Pozo [19] studied the well-posedness for the abstract third-order equation:

au (t) +u"(t) = BAu(t) +yBu'(t) + f(t), (t €T), (1.3)

where A and B are closed linear operators defined on a Banach space X with D(A4) N
D(B) # 0, the constants a, 3, v € RT and f belong to either the Lebesgue-Bochner
spaces, or periodic Besov spaces, or periodic Triebel-Lizorkin spaces. They give
necessary and sufficient conditions for (1.3) to be LP-well-posed (respectively B, -
well-posed and F;,q—well—posed) by using vector-valued Fourier theorems in the
vector-valued function spaces.

In this paper, we study the following four-order degenerate differential equation:

(Mu)"" (t) + a(Lu)" (t) + (Lu)" (t)
= BAu(t) + vBu'(t) + Guj + Fuy + f(t), (te€T), (Py)

where A, B, L and M are closed linear operators on a Banach space X such that
D(A)ND(B) c DIM)ND(L) and «, 3, v € C, G and F are bounded linear oper-
ators from LP([—2m, 0]; X) (respectively By  ([—2m, 0]; X)) into X, u(-) = u(t + )
and uy(-) = /(- + t) are defined on [—27, 0] for ¢ € [0, 27].

Let f € LP(T; X) be given, a function u € WLP(T; X) N LP(T; D(A)) is called

per
a strong LP-solution of (Py), if Mue Wy2(T;X), Lue W3E(T; X), u €

L?(T; D(B)) and (Py) is satisfied a.c. on T, here we consider D(A) and D(B)
as Banach spaces equipped with the graph norms. We say that (P;) is LP-well-
posed, if for each f € LP(T; X), there exists a unique strong LP-solution of (Py).
We introduce similarly the B, -well-posedness of (Py).

The main purpose of this paper is to give some characterizations of the well-
posedness of (P;) in Lebesgue-Bochner spaces LP(T;X) and periodic Besov
spaces B; ,(T; X). The characterizations of the well-posedness of (P;) involve the
Rademacher boundedness (or norm boundedness) of the M-resolvent of A, B and
L defined by (Py). More precisely, we show that when X is a UMD Banach space
and 1 < p < oo, if {k(Gr+1 — Gi): k € Z} is Rademacher-bounded, then (Py) is
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LP-well-posed if and only if ppr(A, B, L) = Z (the M-resolvent set of A, B and L
defined by (Py)) and the sets

{K*MN, : keZ}, {k*LNy: kcZ}, {kBN,: kecZ}, {kN,: kecZ}
are Rademacher-bounded, where
Ni = [(E*M — (iak® + k*)L — BA — inkB — ikG), — F] ',

Gy, Fy, Hi € L(X) are defined by Gz = G(epx), Frx = F(egx), v € X. Since this
characterization of the LP-well-posedness of (P;) does not depend on the space
parameter 1 < p < oo, we deduce that when X is a UMD Banach space and the
set {k(Gr+1 — Gk): k € Z} is Rademacher-bounded, then (Py) is LP-well-posed
for some 1 < p < oo if and only if it is LP-well-posed for all 1 < p < co.

We also give a similar characterization for the By -well-posedness of (Py): let
X be a Banach space, 1 <p, ¢ <00, s>0, assume that the sets {k(Fiio —
2Fk+1 -+ Fk) ke Z}, {k(Gk+1 — Gk) ke Z} and {k’2(Gk+2 — QGk+1 + Gk) :
k € Z} are norm-bounded, then the problem (P;) is B, ,-well-posed if and only
if C pap(A, B, L) = Z and the sets

{K*MN, : ke€Z}, {kK*LNy: kcZ}, {kBN,: kecZ}, {kN.: kcZ}

are norm-bounded, where Ny, Fj, Gy and Hj, are defined as in the LP-well-
posedness case. Since this characterization of the By -well-posedness of (Py) does
not depend on the parameters 1 <p, ¢ < oo, s> 0, we deduce that when the
sets {k(Fpyo —2Fpi1 + F): k€ Z}, {k(Gryr — Gp) : k€ Z} and {k*(Gryo —
2Gr4+1 + Gi): k € Z} are norm-bounded, then (Py) is B, -well-posed for some
1<p,g<o0, s>0ifandonlyifitis By -well-posed for all 1 <p, ¢ < oo, s> 0.

Our main tools in the investigation of the well-posedness of (Py) are the operator-
valued Fourier multiplier theorems obtained by Arendt and Bu [5, 6] on LP(T; X)
and B, (T; X). In fact, our main idea is to transform the well-posedness of (P;) to
an operator-valued Fourier multiplier problem in the corresponding vector-valued
function space.

This work is organized as follows: in § 2, we study the well-posedness of (Py)
in vector-valued Lebesgue-Bochner spaces LP(T; X). In § 3, we consider the well-
posedness of (P,) in periodic Besov spaces B ,(T; X). In the last section, we give
some examples of degenerate differential equations with finite delay to which our
abstract results may be applied.

2. Well-posedness of (P,) in Lebesgue—Bochner spaces

Let X and Y be complex Banach spaces and let T := [0, 27]. We denote by L(X, Y)
the space of all bounded linear operators from X to Y. If X =Y, we will simply
denote it by £(X). For 1 < p < oo, we denote by LP(T; X) the space of all equivalent
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class of X-valued measurable functions f defined on T satisfying

1 27 l/p
1 fll o == (%/0 £)|P dt) < .

For f € L1(T; X), the k-th Fourier coefficient of f is defined by

f(k) = %/0 ﬁe—k(t)f(t) dt,

where k € Z and ey (t) = e'** when t € T.

DEFINITION 2.1. Let X and Y be complex Banach spaces and 1 < p < co, we say
that (My)kez C L(X,Y) is an LP-Fourier multiplier, if for each f € LP(T;X),
there exists a unique u € LP(T;Y) such that 4(k) = My f(k) when k € Z.

From the closed graph theorem, if (My)rez C £(X, Y) is an LP-Fourier multi-
plier, then there exists a unique bounded linear operator T' € L(LP(T; X), LP(T;Y))
satisfying (T f)" (k) = Mj.f(k) when f € L?(T; X) and k € Z. The operator-valued
Fourier multiplier theorem on LP(T; X) obtained in [5] involves the Rademacher
boundedness for sets of bounded linear operators. Let 7; be the j-th Rademacher
function on [0, 1] defined by ;(t) = sgn(sin(2'~t)) when j > 1. For z € X, we
denote by 7; ® « the vector-valued function ¢ — 7;(¢)z on [0, 1].

DEFINITION 2.2. Let X andY be Banach spaces. A set T C L(X,Y) is said to be
Rademacher-bounded (R-bounded, in short), if there exists C' > 0 such that

Z’Yj@zjj <C Z’Vj@l‘j
J=1 J=1

L([0,1];Y) L1([0,1];X)

forallTy, ..., T, €T, x1,..., 2, € X andn € N.

REMARK 2.3.

(i) Let S, TC L£(X) be R-bounded sets. Then it can be shown eas-
ily from the definition that ST :={ST:Se€S,Te€T} and S+ T:=
{S+T:5€8,TeT} are still R-bounded.

(ii) Let X be a UMD Banach space and let My, = myIx with my, € C, where Ix is
the identity operator on X, if supcz |mi| < oo and supycy [k(mg41 —mg)| <
00, then (My)kez is an LP-Fourier multiplier whenever 1 < p < oo [5].

The main tool in our study of LP-well-posedness of (Py) is the LP-Fourier multi-
plier theorem established in [5]. The following results will be very important in the
proof of our main result of this section. For the concept of UMD Banach spaces,
we refer the readers to [5] and references therein.
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THEOREM 2.4 [5, Theorem 1.3]. Let X, Y be UMD Banach spaces and (My)gez C
L(X,Y). If the sets {My, : k€ Z} and {k(My41 — My): k € Z} are R-bounded,
then (My)gez defines an LP-Fourier multiplier whenever 1 < p < oo.

PROPOSITION 2.5 [5, Proposition 1.11]. Let X, Y be Banach spaces, 1 < p < oo,
and let (My)rez C L(X,Y) be an LP-Fourier multiplier, then the set {Mj, : k € Z}
1s R-bounded.

Now we consider the following four-order degenerate differential equations with
finite delays:

(Mw)™(t) + a(Lu)" (t) + (Lu)"(?)
= BAu(t) + yBu'(t) + Gu; + Fus + f(t), (t€T) (Py)

where A, B, M and L are closed linear operators on a Banach space
X satisfying D(A)ND(B) Cc D(M)ND(L), «, 3,y € C are given and F, G :
LP([-2m, 0]; X) — X are bounded linear operators (F' and G are known as the
delay operators). Moreover, for fixed ¢t € T, the functions u; and uj are elements
in LP([—2m, 0]; X) defined by u¢(s) = u(t +s), uj(s) =u/(t+s) for —27 < s <0,
here we identify a function u on T with its natural 27w-periodic extension on R.

Let F, G € L((LP[-2m, 0]; X), X) and k € Z. We define the linear operators
Fy, Gy, € L(X) by

Frax = F(erx), Grx:=G(exx), (2.1)
for x € X, where e, (t) = e** when ¢ € T. It is clear that || F}|| < || F|| and |G| <
|G|l as [lex]|, = 1. It is easy to see that when u € LP(T; X), then

Fu,(k) = Fya(k), Gu.(k) = Gyi(k) (22)

for k € Z. This implies that (Fy)rez and (Gi)gez are LP-Fourier multipliers as

[ Fuel| < N[ F[lwllze((—2x01:x) = |F[ullze,
and

[Guel| < NGl Lo (—2m.01:x) = G Hlwll e,

for ¢ € T so that Fu., Gu., Hu. € L?(T; X).
Now we define the resolvent set of (Py) by

M(A,B, L) :={k € Z: k*M — (aik® + k*)L
— BA —ivkB — ikGy, — F}, is invertible from
D(A)ND(B) onto X and [k*M — («ik® + k*)L — BA
—ivkB — ikGy, — Fy] ' € L(X)}.
For the sake of simplicity, when & € pas (A, B, L), we will use the following notation:

Ny = [axM — by L — BA — cx B — ikG), — F,] 7Y, (k € Z), (2.3)
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where
ar =k, by =aik® + k>, ¢, =ivk, (k€ Z). (2.4)

If k € pp(A, B, L), then MNy, LNy, ANy and BNj make sense as D(A) N
D(B) € D(M) N D(L) by assumption, and they belong to £(X) by the closed graph
theorem and the closedness of A, B, M and L.

Let (Lg)kez C L(X, Y) be a given sequence of operators. We define

(A°L)g = Ly, (AL)k = Liyr — Ly, (k€ Z)
and forn =2, 3, ..., set
(A"L) = AA" L), (k€ Z).

DEFINITION 2.6. A sequence (di)rez € C\{0} is called 1-regular if the sequence
(kA ez is bounded; it is called 2-regqular if it is 1-reqular and the sequence

(l<:2A E)kez s bounded; it is called 3-reqular if it is 2-reqular and the sequence
(k*5

)keZ s bounded.
REMARK 2.7. It is easy to see that (ax)ren, (bk)ren and (cx)ren are 3-regular.

DEFINITION 2.8. Let 1 < p < oo, n > 1 be an integer and let X be a Banach space,
we define the the following vector-valued function spaces:

WP(T; X) := {u € LP(T; X) : there exists v € LP(T; X), such that (k)
= (ik)"a(k) for all k € Z}.
Wnr(T; X) is the n-th X -valued periodic Sobolev space.

per

REMARK 2.9. We have the following two useful properties concerning these
spaces:

(i) Let m, n € N. If n < m, then W?(T; X) C WP(T; X).

per per
(i) If uw € WlLP(T; X), then for any 0 < k < n — 1, we have u®(0) = u® (27).
Let 1 < p < o0, we define the solution space of the LP-well-posedness of (Py) by
Sp(A,B,M,L) := {u € Wo2(T; X) N LP(T; D(A)) : Mu € Wj(T; X),

per per
Lu e WEE(T; X), v’ € LP(T; D(B))},
here we consider D(A) and D(B) as Banach spaces equipped with their graph
norms. The space S,(A4, B, M, L) is complete equipped with the norm
lulls, a1,y = llull o + 1 Aull gy + (M)l + [(Mu)"| p + [(Mu)™]]
H I o + (L)l o + I(Lw) " o + (L) [l e + 1Bl o -

If ue S,(A, B, M, L), then Mu, (Mu)', (Mu)" and (Mu)"”" are X-valued con-
tinuous functions on T, and Mu(0) = Mu(2w), (Mu)'(0) = (Mu)'(27), (Mu)"(0) =
(Mu)"(27), (Mu)"(0) = (Mu)"(27) by [5, Lemma 2.1].
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DEFINITION 2.10. Let 1 <p < oo and f € LP(T; X), u € S,(A, B, M, L) is called
a strong LP-solution of (Py), if (Py) is satisfied a.e. on T. We say that (Py) is
LP-well-posed, if for each f € LP(T; X), there exists a unique strong LP-solution of

(P1).

If (Py) is LP-well-posed, then there exists a constant C' > 0, such that for each
feLP(T; X), if ue S,(A, B, M, L) is the unique strong LP-solution of (Py), we
have

||u||SP(A,B,M,L) <O fllps- (2.5)

This follows easily from the closed graph theorem.
In order to prove our main result of this section, we need the following
preparations.

ProOPOSITION 2.11. Let A, B, M and L be closed linear operators defined on
a UMD Banach space X such that D(A)ND(B) C D(M)ND(L), 1 <p< o0
and «, B,y €C. Let F, G € L(LP([-2m, 0]; X), X). Assume that ppr(A, B, L) =
Z and the sets {axMNy : k € Z}, {byLNy : k € Z}, {ck BNy : k € Z}, {kAG :
keZ} and {kNy:ke€Z} are R-bounded, then (arMNy),cs, (bkLNk),cz,
(ck BNk )z and (ENk),cq are LP-Fourier multipliers.

Proof. We only need to show that the set {k(N, ' —Nk_jl)N;€ :keZ} is R-
bounded by [11, Theorem 1.1] and theorem 2.4, here we have used the facts that

(ag)ken, (br)ren and (cx)ren are 1-regular sequences. It follows from the definition
of N, that

(ngl - Nl;—&}l)Nk
= laxM — b L — BA — ¢, B —ikGy, — Fy, — a1 M + b1 L+ BA+ 11 B
+ilk + 1)Gri1 + Fry1|Ni
= [—AakM + Abp L + ANep B + ikAGy, + in+1 + AFk]Nk7 (26)
which implies
KNt = Ny )Ni
7]'{}&(1]6

kb N
(aeMNg) + 2228 (0, LN, + “2F
Qg k Ck

+ i(kAGE)(kNk) + iGrq1(kNy) + AF,(kNg), (2.7)

(CkBNk)

when k # 0. It follows from remark 2.3 that the products and sums of R-bounded
sets are still R-bounded. Thus, the set {k(N, ' — N,;rll)Nk : k € Z} is R-bounded.
This completes the proof. O

The following statement is the main result of this section which gives a necessary
and sufficient condition for the LP-well-posedness of (Py).

THEOREM 2.12. Let X be a UMD Banach space, 1 <p < oo and let A, B, L
and M be closed linear operators on X satisfying D(A)N D(B) C D(M)N
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D(L) and o, B,y €C. Let F, G e L(LP([-2m, 0]; X), X) be such that the set
{kAG), : k € Z} is R-bounded. Then the following assertions are equivalent:

(i) (Pa) is LP-well-posed;

(i) par(A, B, L) = Z, the sets {k*MNy : k € Z}, {k’LNy : k € Z}, {kBN}, : k €
Z} and {kNy:k € Z} are R-bounded, where Ny is defined by (2.3), the
operators Fy, and Gy, are defined by (2.1).

Proof. First we show that the implication (i) = (i4) holds true. We assume that
(Py) is LP-well-posed and let k € Z and y € X be fixed, we consider the function
f defined by f(t) = e***y when t € T. Then it is clear that f € LP(T; X), f(k) =y
and f(n) =0 when n # k. Since (Py) is LP-well-posed, there exists a unique u €
Sp(A, B, L, M) satisfying
(Mu)""(t) + a(Lu)" (t) + (Lu)" (t) = BAu(t) + vBu'(t) + Gu; + Fuy + f(t)
(2.8)
a.e. on T. We have 4(n) € D(A) N D(B) when n € Z by [5, Lemma 3.1] as u €
LP(T; D(A)) N LP(T; D(B)). Taking Fourier transforms on both sides of (2.8), we
obtain
[K*M — («ik® + k*)L — BA — inkB — ikGy, — Fyla(k) =y (2.9)
and [n*M — (ain® +n?)L — BA —iynB — inG,, — F,]Ji(n) = 0 when n # k. This
implies that the operator k*M — (aik® + k?)L — BA — ivkB — ikG}, — F}, defined

on D(A) N D(B) with values in X is surjective. To show that it is also injective, we
let 2 € D(A) N D(B) be such that

[E*M — (aik® + k*)L — BA — inkB — ikG), — Fj,Jz = 0.

Let u be the function given by u(t) = e?**x when t € T, then it is clear that u €
Sp(A, B, M, L) and (Py) is satisfied a.e. on T when f = 0. Thus, u is a strong LP-
solution of (Py) when taking f = 0. We obtain z = 0 by the uniqueness assumption.
We have shown that the operator k*M — (aik® + k*)L — BA — ivkB — ikGy — Fy,
from D(A)N D(B) into X is injective. Therefore, k*M — (aik® + k)L — BA —
ivkB — ikGy, — F}, is bijective from D(A) N D(B) onto X.

Next we show that [k*M — (aik® + k?)L — BA — ivkB — ikGy — Fi] ™! € L(X).
For f(t) = e*y, we let u € S,(A, B, M, L) be the unique strong LP-solution of
(Py). Then

i(n) = 0 n #k,
) [k*M = (0ik® + k%)L — BA — ivkB — ikGy, — Fp| 'y n =k,
by (2.9). This implies that u is given by
u(t) = e[k M — (ik® + k*)L — BA — ivkB — ikGy — F] 'y

when t € T. By (2.5), there exists a constant C' > 0 independent from y and &, such
that ||ul|;, < C| fll;»- This implies that

|[k*M — (aik® + k*)L — BA — inkB — ikG), — Fi] 'y| < Cly|
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when y € X, or equivalently
|[k*M — (aik® + k*)L — BA — ivkB — ikGy, — F},] || < C.

We have shown that k € pp(A, B, L) for all k € Z. Thus, pp (A4, B, L) = 7.

Finally, we show that (k*MNy)rez, (K*LNg)rez, (ENk)rez and (kBNy)iez
define LP-Fourier multipliers. Let f € LP(T;X), then there exists wu €
Sp(A, B, M, L), a strong LP-solution of (P,) by assumption. Taking Fourier trans-
forms on both sides of (Py), we get that (k) € D(A) N D(B) by [5, Lemma 3.1]
and

[k*M — (ik® + E*)L — BA — inkB — ikGy, — Fyla(k) = f(k)

for k € Z. Since k*M — («ik3 + k*)L — BA — ivkB — ikG), — F}, is invertible, we
have

a(k) = [K*M — (0ik® + k*)L — BA — inkB — ikGy, — Fi,] 7' f(k) = Ny f (k)

when ke Z. It follows from weS,(A, B, M,L) that we L?(T;D(A))N

WE(T; X), Mu € Wi2(T; X), Lu € W32(T; X) and v’ € LP(T; D(B)). We have
(Mu)" (k) = k*Ma(k), (Lu)"(k) = —ik*La(k), Bu (k)

— ikBa(k), u'(k)=ika(k)

when k € Z. We conclude that (k*MNy)rez, (k*LNp)kez, (kBNi)rez and
(kNy)gez define LP-Fourier multipliers as (Mu)"””, (Lw)"”, Bu', u' € LP(T; X).
It follows from proposition 2.5 that the sets {k*M Ny : k € Z}, {k*LNy, : k € Z},
{EBN) : k € Z} and {kNj:k € Z} are R-bounded. We have shown that the
implication (i) = (i) is true.

Next we show that the implication (i7) = (i) is valid. Assume that
pm(A, B, L) =7 and the sets {k*MNy, :k € Z}, {k3LNy, : k€ Z}, {kNj :k €
Z} and {kBNy :k € Z} are R-bounded. It follows from proposition 2.11 that
(k4MNk)kEZ, (kSLNk)kEz, (kBNk)kEZ and (ka’)kEZ are LP-Fourier multipliers.
This implies that the sequences (Ni)rez, (BNi)rez, (K>LNp)rez, (MNi)rez,
(LNy)kez are LP-Fourier multiplier. Here we have used the easy fact that (dj)rez is
an LP-Fourier multiplier and the fact that the product of two LP-Fourier multipliers
is still an LP-Fourier multiplier, where dj, is defined by dy = 1/k when k # 0 and
dp = 0. In particular, considering Ny, € L(X, D(B)), the sequence (Nj)pez is an LP-
Fourier multiplier. Then for all f € LP(T; X)), there exist u; € LP(T; X) (1 << 7)
and u € LP(T; D(B)) satisfying
i (k) = K*MNyf(k), da(k) = ikNgf(k),

ag(k) = MNyf(K), da(k) = LNy f (k) (2.10)

i5(k) = kBN f(k), a6(k) = —ik* LN.f (K),

ir (k) = —K* LNy f (k). (k) = Ni.f (k) (2.11)
for k € Z. Hence, uq(k) =iku(k) for k€ Z by (2.10). This implies that u €
W2L2(T; X). It follows from (2.11) that u/(k) = ika(k) = ikNyf(k) when k € Z.

per
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This together with @5 (k) = ikBNy f(k) when k € Z implies that «/ € L?(T; D(B))
[5, Lemma 3.1]. By (2.10) and (2.11), we have (k) = Mu(k) when k € Z. Hence,
ue LP(T; D(M)) and Mu = ug. Similarly, by using (2.10) and (2.11), we have
G4(k) = Lu(k) when k € Z. Thus, u € LP(T; D(L)) and Lu = uy [5, Lemma 3.1].
By (2.10) and the fact that Mu = ug, we deduce 4 (k) = (zk)4m(k) = (ik)*az(k)
when k € Z. Thus, Mu € WLP(T; X). Similarly, using (2.11) and the fact hat

per

Lu = ug, we deduce that Lu € W3E(T; X).

We note that (Gy)rez and (Fy)rez are LP-Fourier multipliers by (2.2), where
Gk, Fk and Hk are defined by (21) Thus, (ikaNk)k’EZ and (Fka)kEZ are LP-
Fourier multipliers as the product of two LP-Fourier multipliers is still an LP-Fourier

multiplier. We have
BAN), = k*M Ny, — (aik® + k*) LN, — ivkBNy — ikG Ny, — Fy Ny, — Ix

for k € Z. It follows that (ANg),cy is also an LP-Fourier multiplier as the sum of
LP-Fourier multipliers is an LP-Fourier multiplier. We deduce from (2.11) and [5,
Lemma 3.1] that u € L?(T; D(A)). We have shown that u € S,(A, B, M, L). This
shows the existence of strong LP-solution.

To show uniqueness of strong LP-solution, we let u € S,(A, B, M, L) be such
that

(Mu)" (t) + a(Lu)" (t) + (Nu)" (t) = BAu(t) + yBu'(t) + Guy + Fu,
a.e. on T. Taking the Fourier transforms on both sides, we deduce that
[K*M — (aik® + k*)L — BA — ivkB — ikG), — FiJa(k) = 0

when k € Z. Since pp(A, B, L) = Z, this implies that @(k) =0 when k € Z and
thus v = 0. This shows that the solution is unique. This completes the proof. [

We notice that the assumption that the underlying Banach space X is a UMD
space in theorem 2.12 was only used in the implication (i7) = (7). Since the second
statement of theorem 2.12 does not depend on the space parameter 1 < p < oo,
theorem 2.12 has the following immediate consequence.

COROLLARY 2.13. Let X be a UMD Banach space, let A, B, L and M be closed
linear operators on X satisfying D(A) N D(B) C D(M)ND(L), and o, 3, 7 € C.
Then if (Py) is LP-well-posed for some 1 < p < oo, then it is LP-well-posed for all
1<p<oo.

3. Well-posedness of (P,) in Besov spaces

In this section, we consider the well-posedness of (P;) in periodic Besov spaces
By (T; X). Firstly, we briefly recall the definition of periodic Besov spaces in
the vector-valued case introduced in [6]. Let S(R) be the Schwartz space of
all rapidly decreasing smooth functions on R. Let D(T) be the space of all
infinitely differentiable functions on T equipped with the locally convex topol-
ogy given by the seminorms | f||, = sup,cr|f(® (2)| for o € Ng := NU {0}. Let
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D'(T; X) := L(D(T), X) be the space of all continuous linear operator from D(T)
to X. We consider the dyadic-like subsets of R:

L={teR:|t|<2}, Iy ={teR: 21 <|t| <2}
for k€ N. Let ¢(R) be the set of all systems ¢ = (¢i)ren, C S(R) satisfying

supp(¢x) C I for each ke No, Y,y dr(z) =1 for z € R, and for each a €

No. SUP,ep, per, 25104" ()] < 00. Let ¢ = (dx)ken, C S(R) be fixed. For 1< p
q < 00, s € R, the X-valued periodic Besov space is defined by

B; ,(T; X) = {f € D(T: X) : Ifll5;,

1/q
- (z zsmHZekm(i@)ﬂk)HZ) < oo}

50 ke

with the usual modification if ¢ = co. The space B ,(T; X) is independent from
the choice of ¢ and different choices of ¢ lead to equivalent norms on By  (T; X).
B; ,(T; X) equipped with the norm ||| Bs is a Banach space. See [6, Section 2] for

more information about the space B (T X ). It is well known that if s1 < s2, then
By (T; X) C B2, (T; X) and the embeddmg is continuous [6, Theorem 2.3]. When
s> 0, it is shown in [6, Theorem 2.3] that Bj (T; X) C LP(T; X), f € B51'(T; X)
if and only if f is differentiable a.e. on T and f" € B, ,(T; X). This implies that
if u € By (T; X) is such that there exists v € By  (T; X) satisfying 9(k) = ik (k)
when k € Z, then v € Bt (T; X) and v’ = v.

Let 1 < p, ¢ < o0, s > 0 be fixed. We consider the following four-order degenerate
differential equations with finite delay:

(Mu)™ (t) + (L) (t) + (Lu)"(2)
= BAu(t) + yBu (t) + Guy + Fu, + f(t), (t€T) (Py)

where A, B, M and L are closed linear operators on a Banach space X satis-
fying D(A)ND(B) Cc D(M)ND(L) and o, B, v€C, fe B, (T;X) is given,
and F, G : By ,([-27, 0]; X) — X are bounded linear operators. Moreover, for fixed
teT, u € B 5o ([=27, 0]; X) is defined by u;(s) = u(t + s) for =27 < s <0, here
we identify a function v on T with its natural 27-periodic extension on R.

Let F, G € L(B; ,[-2m, 0]; X), X) and k € Z. We define the linear operators
Fi, Gy by

Fra = F(er *®x), Gra:=G(er ®x) (3.1)

when z € X. It is clear that there exists a constant C >0 such that
ller ® x||B; LTx) S C'||z|| when k € Z. Thus,

[El < CUEN Gkl < CG (3-2)

whenever k € Z. It can be seen easily that when u € By  (T; X), then

Fu (k) = Fya(k), Gu.(k) = Gya(k)
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for k € Z. The resolvent set of (Py) in the B; -well-posedness setting is defined by
pr(A,B,L) :={k € Z: k*M — (aik® + k*)L — BA
— ivkB — ikG}j, — F}, is invertible from
D(A)N D(B) onto X and [k*M — («ik® + k*)L
— BA —ivkB — ikG), — F] 7' € L(X)}.
For the sake of simplicity, when k € ppr(A, B, L), we will use the following notation:
Ni = [E*M — («ik® + k*)L — BA — ivkB — ikG), — F},] ™" (3.3)

If ke€pu(A, B, L), then MNy,, LNy, AN, and BNj; make sense as D(A)N
D(B) ¢ D(M)n D(L) by assumption, and they belong to £(X') by the closed graph
theorem and the closedness of A, B, M and L.

Let 1 <p, ¢ <00, s>0. It is noted that that the functions Gu, and Fu' are
uniformly bounded on T, but they are not necessarily in B,  (T; X). We define the
solution space of By -well-posedness for (P,) by

Sp,q,s(/LB,M, L) = {u S B‘;)q(T;D(A)) n B;:ZS(T;X)
: Mu e Bg?;S(T;X),Lu c B27ZS(T;X)’
u' € B, ,(T; D(B)) and Fu,,Gu! € By ,(T; X)}.

Here again we consider D(A) and D(B) as Banach spaces equipped with their graph
norms. Sp4.s(A4, B, M, L) is a Banach space with the norm

lulls, , .aB.arry = lull gresrx) + 1l sy (m00a))

+ [1Mull gass g, x) + 1Ll gates o7, x)
+ ||u/||B;7q('Jl‘;D(B)) + HFU~HB;Q(T;X) + HGU{HB;’Q(T;X) .

Ifue Sy qs(A, B, M, L), then Mu, (Mu)', (Mu)" and (Mu)"" are X-valued con-
tinuous function on T, and Mu(0) = Mu(27),(Mu) (0) = (Mu)' (27), (Mu)"(0) =
(Mu)"(27) and (Mwu)"”'(0) = (Mu)"” (27) by [5, Lemma 2.1].

Now we give the definition of the B; -well-posedness of (Py).

DEFINITION 3.1. Let 1<p,¢<o0,s>0 and f€ B, (T;X), ue Sy s(A, B,
M, L) is called a strong By ,-solution of (Py), if (Py) is satisfied a.e. on T. We
say that (Py) is B, ,-well-posed, if for each f € By (T;X), there exists a unique
strong B, -solution of (Py).

If (Py) is By -well-posed and u € Sp 4 s(A, B, M, L) is the unique strong B, -
solution of (Py), there exists a constant C' > 0 such that for each f € By (T; X),
we have

b (3.4)

This is an easy result that can be obtained by the closedness of the operators A,
B, M and L and the closed graph theorem.

||“|‘SP,Q,S(A7B,M,L) <C|fl
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Next we give the definition of operator-valued Fourier multipliers in the context
of periodic Besov spaces, which is important in the proof of our main result of this
section.

DEeFINITION 3.2. Let X,Y be Banach spaces, 1<p,qg<oo,s€R and let
(My) ez C L(X,Y). We say that (My,),,c; is a B, ,-Fourier multiplier, if for each

f e B, (T;X), there exists u € B, (T;Y), such that u(k) = My f(k) for all k € Z.

The following result has been obtained in [6, Theorem 4.5] which gives a suffi-
cient condition for an operator-valued sequence to be a B, ,-Fourier multiplier. For
the notions of B-convex Banach spaces, we refer the readers to [6] and references

therein.

THEOREM 3.3. Let X, Y be Banach spaces and let (My),,,, C L(X,Y). We assume
that

sup (1M + ||k A M| ) = sup (UMl + e(Mia = M) < o0, (35)
kezZ keZ

2

I<:2AMk

Then for 1 <p, q<o0,s€R, (M), is an B, ,-multiplier. If X 1is B-convexz,

then the first-order condition (3.5) is already sufficient for (My),c, to be a By -
multiplier.

sup

= sup ||k* (Mr+2 — 2Mpq1 + My || < oc. (3.6)
kEZ kEZ

REMARK 3.4.

(i) If (Mg),ey is a By -Fourier multiplier, then there exists a bounded linear
operator T' from B, (T; X) to By ,(T;Y) satisfying f}”(k‘) = M, f(k) when
k € Z. This implies in particular that (Mj}), ., must be bounded.

(i) If (My)cq and (Ng)peq are By -Fourier multipliers, it can be seen easily that
the product sequence (MyNy), o, and the sum sequence (M + Ni),, are
still B, ,-Fourier multipliers.

(iii) Let ¢ = % when k # 0 and ¢y = 1, then it is easy to see that the sequence
(ckIx) ey satisfies the conditions (3.2) and (3.3). Thus, the sequence (cxlx ),z
is a B, -Fourier multiplier by theorem 3.3.

In order to prove our main result, we need the following facts.

PROPOSITION 3.5. Let A, B, M and L be closed linear operators defined on a
Banach space X satisfying D(A)ND(B) Cc D(M)ND(L), «, B, v€C and
let F, G e L(B, ([-27, 0]; X), X), where 1 <p, ¢ < oo and s > 0. Assume that
pa (A, B, L) = Z and the sets {kA?Fy, : k € Z}, {kAGy : k € Z}, {K*A%Gy : k€
7}, {k4MNk D ke Z}, {k3LNy, :k€Z}, {kBN,:k€Z} and {kNy: k € Z}
are norm-bounded, where Ny is defined by (3.3), the operators Fy, Gy, Hj are
defined by (3.1). Then (k*M Ny)rez, (k*LNi) ez, (kBNy)kez, (Ni)rez, (kNk)kez,
(FxNi)rez and (kG Ny)kez are By -Fourier multipliers.
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Proof. 1t follows immediately from the norm boundedness of the set {kNy, : k € Z}

that the set { N}, : k € Z} is norm-bounded. Let Lj, = (Nl;1 - Nk;ll)N;,C when k € Z.

Then the set {kLj : k € Z} is norm-bounded by the proof of proposition 2.11. Since
remark 2.7 and the sequence (k7)pcz is 2-regular when 0 < j < 3, to show that
(k4MNk)keZ, (kSLNk)kez, (kBNk)keZ, (Nk)keZ and (ka)keZ are Bzyq—FOUI‘ieI'
multipliers, we only need to show that the set {k?ALy : k € Z} is norm-bounded
by [11, Theorem 1.1] and theorem 3.3. We have

Ly =1 + 1,
where
LY .= —Aay M Ny, + Aby LN, + Ack BN,
L .= ikAGE Ny + iGpy1 Ny, + AFp Ny,
when k € Z by (2.6). We observe that

ALY = —Aap 1 MNiyy + Abgy1 LNy
+ Acpy1BNyy1 + AagM Ny — Abi, LNy — Aci, BNy,
= —A2?a, MNy1 — Aapy MANy, + A%b, LNy
+ Ab,LAN}, + A%cy BNy41 + Ac, BAN,,
= —A%a;, M Ny 11 — AagMNyy1 Ly + A% LNg 44
+ Ab,LNjy1 Ly + A%¢, BNyt 1 + Acy BNyy1 Ly, (3.7)
and
AL = i(k 4+ 1)AGk1 Niy1 + iGryaNiss
+ AFj 1 Npp — ikAGR Ny, — iGryp1 Np — AF Ny
= ikA?GNiy1 + ikAGLAN, + iAGk 11 Niy1 + iAGh 1 Niya
+ G 1ANy, + A2 Fy N1 + AFL AN,
= ikA2GpNiy1 + ikAGLANy + 2iAG) 41 Ny1 + iGry 1 ANy
+ A?F Ny + AFL AN,
= ikA?G Niy1 + ikAGL Ny 11 Ly, + 2iAGy 41 Nity
+ Gy 1 Npy1 Ly + A?F Ny 1 + AFL ANy, (3.8)

when ke Z. It follows from (3.7) and (3.8) that the Sets{k2AL,(€1):kEZ}

and {k2AL,(€2) :k € Z} are norm-bounded by the norm boundedness of the sets
{kLy :k € Z} and the assumptions that the sets {kA2F): k€ Z}, {kAGy:
keZ}, {kK*A*Gy: ke Z}, {k*MNy: ke Z}, {K*LNy, : k € Z}, {kBNy, : k € Z}
and {kNj : k € Z} are norm-bounded.

It remains to show that the sequences (FiNi)rez and (kG Ny )rez satisfy (3.5)
and (3.6). This follows easily from the norm boundedness of the sets {kA2F, :
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ke Z}, {kAGy : k € Z} and {k?AGy : k € Z}. We omit the details. The proof is
completed. O

Next we give a necessary and sufficient condition for Bj -well-posedness of
(Py). Its proof is just an easy adaptation of the proof of theorem 2.12 by using
proposition 3.5. We omit the detail.

THEOREM 3.6. Let X be a Banach space, 1 <p,q<o00,s>0, let A, B, M
and L be closed linear operators on X satisfying D(A) N D(B) C D(M)ND(L)
and o, 3, v €C. Let F, G € L(B, ,([-2m, 0; X), X). We assume that the sets
{kAsz keZ}, {EAGy - k € Z} cmd {kQAQG;€ k € Z} are norm-bounded. Then
the following assertions are equivalent:

(i) (Ps) is By, ,-well-posed.

(ii) par(A, B, L) = Z and the sets {k*MNy - k € Z} | {k*LNy : k € Z}, {kBNy :
ke€Z} and {kNy : k € Z} are norm-bounded, where Ny is defined by (3.3).

When the underlying Banach space X is B-convex, the first-order Marcinkiewicz-
type condition (3.5) is already sufficient for an operator-valued sequence to be a
B, ,-Fourier multiplier. This remark together with the proof of theorem 2.12 gives
1mmed1ately the following result which gives an characterization of the B; -well-
posedness of (P) under a weaker condition on the sequence (G)rez when the
underlying Banach space is B-convex.

THEOREM 3.7. Let X be a B-conver Banach space, 1 <p, q< oo, s>0, let
A, B, M and L be closed linear operators on X satisfying D(A) ND(B) C D(M) N
D(L) and o, B, ve€C. Let F, G € L(B, ,([-2m, 0; X), X). We assume that
{kAGy : k € Z} is norm-bounded. Then the following assertions are equivalent:

(i) (Ps) is By, ,-well-posed.

(ii) par(A, B, L) = Z and the sets {k*MNy,: k€ Z}, {kK’LNy : k € Z}, {kBNy :
k e€Z} and {kNy : k € Z} are norm-bounded, where Ny, is defined by (3.3).

Since the second statement of theorem 3.6 does not depend on the parameters
1<p, ¢g< o0, s >0, theorem 3.6 has the following immediate consequence.

COROLLARY 3.8. Let X be a Banach space, 1 <p,qg<o0,s>0, let A, B, M
and L be closed linear operators on X satisfying D(A) N D(B) C D(M)N D(L)
and o, 3, v€C. Let F, G € L(B; ,([-2m, 0]; X), X). We assume that the sets
{k;A2Fk k E Z},{kAGy : k € Z} and {l<:2A2G;.C k € Z} are norm-bounded. Then
if (Py) is By ,-well-posed for some 1 < p, ¢ < 00, s >0, then it is Bj ,-well-posed
for all 1 < p,q<oo s> 0.

4. Applications

EXAMPLE 4.1. Let Q be a bounded domain in R* with smooth boundary, m be a
given non-negative-bounded measurable function on Q and let a, v € C, 5 > 0 be
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given. We let X be the Hilbert space H (), and let F, G € L(LP([—2m, 0]; X), X)
for some 1 < p < co. We consider the problem

o o3 ok

@(m(x)u(ta ) + a%(m(z)u(t,x)) + w(m(x)u(t’x))

= Bu(t,2) +vAult, )+ Cuf( ) + Fug() + f(4,2), (ha) €Tx Q,
u(t,z) =0, (t,x) € T x 0.

where f is defined on T x € and the Laplacian A only acts on the space variable
x € Q, v, and u; are defined by ui(s, ) = u/(t + s, x) and uj(s, x) = u(t+ s, x)
when t € T, s € [—2m, 0] and = € Q.

Let M be the multiplication operator on X by m, then there exist constants
C >0, § >0, such that

C

-1
|M(zM + A)7| < T

(4.1)

whenever Re(z) < (14 [Im(z)]) by [12, Section 3.7], where A is the Laplacian
on H~(Q) with Dirichlet boundary condition. Let A = A and we assume that
D(A) C D(M). Then the above equation may be rewritten in the form

(Mu)™ (t) + a(Mu)™ (t) + (Mu)"(t)
= BAu(t) + vAu (t) + Guy + Fu, + f(t), (t€T) (Py)

a differential equation on T with values in X, where f € LP(T; X) and the solution
u e WyR(T; D(A)) satisfies Mu € WiE(T; X).

We assume that par(A, A, M) = Z and the set {kAGy, : k € Z} is norm-bounded.
Furthermore, we assume that m > 0 a.e. on 2 and m is regular enough so that the

multiplication operator by m~! is bounded on H~1(Q), then

C
1+ 2]

|(zM + )71 < (4.2)
whenever Rez < G(1 + |Imz|) by (4.1). We claim that (P;) is LP-well-posed. Indeed,
the operator (k* — aik® — k)M — (B3 + ik)A — ikGy, — Fy, : D(A) — X is bijective
and [(k* — aik® — k)M — (B + ik)A — ikGy — Fy]~' € L(X) whenever k € Z by
the assumption ppr(A, A, M) = Z. Tt follows that the sets

{K*MNy, : k € Z}, {AN : k€ Z}, {kNy:kecZ}

are norm-bounded by (4.1) and (4.2), where N = [(k* — aik® — k*)M — (B +
ik)A — ikG), — Fy]~1. Here we have used the uniform boundedness of the sequences
(Fy)rez and (Gi)gez. Thus, the problem (P;) is LP-well-posed by theorem 2.12.
Here we have used the fact that H () is a Hilbert space and the fact that every
norm-bounded subset of £(X) is R-bounded when X is isomorphic to a Hilbert
space [5].

Under the same assumptions, we obtain the Bj -well-posedness of (Py) when
1 < p, ¢ < o0 by corollary 3.8.
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EXAMPLE 4.2. Let H be a Hilbert space, P be a densely defined positive self—adjoint_
operator on H with P > § > 0. Let M = P — e with € < §, and let A = Zk
with a; > 0, ar > 0, where k is an integer > 2. Then there exists C' > 0 and ﬂ >0

such that
C
1+ ]z]

|M(zM + A)~H| <

whenever Rez > —((1 4 [Imz|) by [12, page 73]. If M is regular enough so that

0 € p(M), then

—1
s+ )7 <

whenever Rez > —((1 + [Imz|) by (4.3).

Let Q= (0, 1) and let H = L?(2). It is clear that the operator % with domain

H?(2) N Hi(Q) generates a contraction semigroup on H and P = —

d2
—— 1is positive

and self-adjoint in H [4, Example 3.4.7]. Hence, 1 € p((j‘l—;), or equivalently M =
Ix + P has a bounded inverse. Let a, v € C and 3 <0 be fixed and let F, G €
L(LP([—2m, 0]; X), X) for some 1 < p < oo, we consider the following equations:

o* 32 ? 0? 0? 0?
*/6’— (t,x) + —({94 9 (t,z)
T L e T

+Gu2(~,x)+Fut(~,a:)+f(t,a:), (t,iﬂ) GTXQv

0? o?

u(t,0) = u(t, 1) = 5 u(t,0) = 1)=0, teT.

sult,1)

This equation can be rewritten in the compact form:

(Mw)"™ (t) + a(Mu)" (t) + (Mu)"(t)
= BAu(t) + AU (t) + Guj + Fuy + f(t), (teT)

a differential equation on T with values in H, where f € LP(T; H) and the solu-
tion u is in u € WLP(T; D(A)), satisfies Mu € WAP(T; H), where M = 1 —

per per

A = A?, here we consider A as the Laplacian on L?(Q2) with Dirichlet boundary
condition. If pys(A, A, M) =Z, one can obtain the LP-well-posedness of (P) by
using (4.3), (4.4) and theorem 2.12 under suitable assumption on the delay oper-
ator G. Here again we have used the fact that L?(f2) is a Hilbert space and the
fact that every norm-bounded subset of £(X) is R-bounded when X is isomorphic
to a Hilbert space [5]. One can also obtain the B; -well-posedness pf (%) when

1 < p, ¢ < o by using theorem 3.6 or corollary 3.8.

Acknowledgements

This work was supported by the NSF of China (grant No. 12171266, 12171062)
and the Natural Science Foundation of Chongqing (grant No. CSTB2022NSCQ-

JQX0004).

https://doi.org/10.1017/prm.2023.90 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.90

18 S. Bu and G. Cai
References

1 R. Aparicio and V. Keyantuo.Well-posedness of degenerate integro-differential equations in
function spaces. Electron. J. Differ. Equ. 79 (2018), 31.

2 R. Aparicio and V. Keyantuo. Besov maximal regularity for a class of degenerate integro-
differential equations with infinite delay in Banach spaces. Math. Methods Appl. Sci.
43 (2020), 7239-7268.

3 R. Aparicio and V. Keyantuo. LP-maximal regularity for a class of degenerate integro-
differential equations with infinite delay in Banach spaces. J. Fourier Anal. Appl. 26 (2020),
34. 39 pp.

4 W. Arendt, C. Batty, M. Hieber and F. Neubrander. Vector-valued Laplace Transforms and
Cauchy problems (Basel, Birkhauser, 2001).

5 W. Arendt and S. Bu. The operator-valued Marcinkiewicz multiplier theorem and maximal
regularity. Math. Z. 240 (2002), 311-343.

6 W. Arendt and S. Bu. Operator-valued Fourier multipliers on periodic Besov spaces and
applications. Proc. Edinb. Math. Soc. 47 (2004), 15-33.

7 S. K. Bose and G. C. Gorain. Exact controllability and boundary stabilization of flex-
ural vibrations of an internally damped flexible space structure. Appl. Math. Comput.
126 (2002), 341-360.

8 S. K. Bose and G. C. Gorain. Exact controllability and boundary stabilization of tor-
sional vibrations of an internally damped flexible space structure. J. Optim. Theory Appl.
99 (1998), 423-442.

9 S. Bu. Well-posedness of second order degenerate differential equations in vector-valued
function spaces. Stud. Math. 214 (2013), 1-16.

10 S. Bu and J. Kim. Operator-valued Fourier multipliers on periodic Triebel spaces. Acta
Math. Sin. Engl. Ser. 21 (2005), 1049-1056.

11 J. A. Conejero, C. Lizama, M. Murillo-Arcila and J. B. Seoane-Sepulveda. Well-posedness
degenerate third-order equations with delay and applications to inverse problems. Isr.
J. Math. 229 (2019), 219-254.

12 A. Favini and A. Yagi, Degenerate Differential Equations in Banach Spaces, Pure and Appl.
Math., Vol. 215 (Dekker, New York, Basel, Hong Kong, 1999).

13 G. C. Gorain. Boundary stabilization of nonlinear vibrations of a flexible structure in a
bounded domain in R™. J. Math. Anal. Appl. 319 (2006), 635-650.

14 B. Kaltenbacher, I. Lasiecka and M. Pospieszalska. Well-posedness and exponential decay
of the energy in the nonlinear Moore-Gibson-Thomson equation arising in high intensity
ultrasound. Math. Models Methods Appl. Sci. 22 (2012), 1250035. 34 pp.

15 C. Leal, C. Lizama and M. Murillo-Arcila. Lebesgue regularity for nonlocal time-discrete
equations with delays. Fract. Cale. Appl. Anal. 21 (2018), 696-715.

16 C. Lizama and R. Ponce. Periodic solutions of degenerate differential equations in vector
valued function spaces. Stud. Math. 202 (2011), 49-63.

17 C. Lizama and R. Ponce. Maximal regularity for degenerate differential equations with
infinite delay in periodic vector-valued function spaces. Proc. Edin. Math. Soc. 56 (2013),
853-871.

18 V. Poblete, F. Poblete and J. C. Pozo. Strong solutions of a neutral type equations with
finite delay. J. Evol. Equ. 19 (2019), 361-386.

19 V. Poblete and J. C. Pozo. Periodic solutions of an abstract third-order differential equation.
Stud. Math. 215 (2013), 195-219.

20 R. Ponce. On well-posedness of degenerate fractional differential equations in vector valued

function spaces. Isr. J. Math. 219 (2017), 727-755.

https://doi.org/10.1017/prm.2023.90 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2023.90

	1 Introduction
	2 Well-posedness of (P4) in Lebesgue–Bochner spaces
	3 Well-posedness of (P4) in Besov spaces
	4 Applications
	References

