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A LOPEZ-ESCOBAR THEOREM FOR CONTINUOUS DOMAINS

NIKOLAY BAZHENOV'®', EKATERINA FOKINA"®', DINO ROSSEGGER"®, ALEXANDRA
SOSKOVA"=", AND STEFAN VATEV

Abstract. We prove an effective version of the Lopez-Escobar theorem for continuous domains. Let
Mod (7) be the set of countable structures with universe  in vocabulary t topologized by the Scott topology.
We show that an invariant set X C Mod (z) is Hg in the Borel hierarchy of this topology if and only if it is
definable by a I12 -formula, a positive Hg formula in the infinitary logic Le, - As a corollary of this result
we obtain a new pullback theorem for positive computable embeddings: Let X be positively computably
embeddable in K’ by @, then for every I12 formula & in the vocabulary of K’ there is a T12 formula ¢* in
the vocabulary of K such that forall A € K, A |= £* if and only if ®(A) |= £. We use this to obtain new
results on the possibility of positive computable embeddings into the class of linear orderings.

§1. Introduction. A common theme in the study of countable mathematical
structures is that isomorphism invariant properties have syntactic characterizations.
Examples of this phenomenon are the existence of Scott sentences for countable
structures [30], the Lopez-Escobar theorem, which says that every invariant Borel
subset in the space of countable structures is definable in the infinitary logic L,
[24]. or that a relation on a structure that is X0 in every copy is definable by a
computable X L, .,-formula [2, 10].

Definability in the logic L, is closely related to Turing reducibility. The base
case of [2, 10] tells us that a relation is definable by a computable X! formula and
a computable I1Y formula if and only if it is computable in every copy. Similarly.
evaluating whether a computable infinitary X formula holds of a structure A is
c.e. in the ath Turing jump of A, and hence deciding membership of computable
structures in X0 sets is L. Another fact that makes this connection is that the
space of countable 7-structures with universe w. Mod (1), can be viewed as a closed
subspace of Cantor space C. It is well known that continuous functions C — C
are X-computable operators relative to some X € 2”, and thus Turing computable
operators correspond to the effectively continuous functions.

Being a powerful tool to study algorithmic properties, Turing reducibility is not
well suited to deal with partial objects, such as c.e. sets, partial functions, and partial
structures. Enumeration reducibility was introduced by Friedberg and Rogers [15]
as a generalization of relative computability intended to deal with partial objects.
Namely, X C w is enumeration reducible to ¥ C w, X <, Y, if every enumeration
of Y computes an enumeration of X. Given the explained above relationship between
definability and Turing computability, one wonders whether a similar relationship
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2 NIKOLAY BAZHENOV ET AL.

can be established between definability and enumeration reducibility. To establish
such a correspondence, throughout the paper we will treat structures as partial
objects given by their positive diagrams. For a structure A in a relational vocabulary
7 its positive diagram is the set ) Riex RA.

Algorithmic properties of structures given by their positive diagrams have been
studied for a long time, as this kind of presentation has deep connections to
results in algebra and theoretical computer science. The formal general definition of
positive (or c.e.) structures was given by Mal’cev [25]. From an algebraic point of
view, many finitely presented algebras are naturally positive but lack a computable
presentation [5, 26, 28]. An extensive overview of results on positive (c.e.) structures
from the twentieth century can be found in [31]. Later c.e. structures were studied by
Harizanov and co-authors [8, 9, 14]. In arecent survey [21] Khoussainov summarizes
more results on c.e. structures and suggests new questions, relating the study of c.e.
structures to the theory of equivalence relations. Further recent results about c.e.
structures could be found, e.g., in [17, 18].

The approach that applies enumeration reducibility to study computational
properties of structures goes back to Soskov [34, 35] who adapted notions studied in
computable structure theory to enumeration reducibility. Assuming that a structure
is given by its positive diagram, one may ask questions similar to the ones in
classic computable structure theory but with respect to enumeration reducibility.
For example, Richter introduced the notion of the Turing degree spectrum of a
structure, the set of Turing degrees of its isomorphic copies [29]. The first and
one of the fundamental results in this area of Knight is a dichotomy [22]. If a
structure is automorphically non-trivial, its degree spectrum is upwards closed.
Otherwise, it is a singleton. This dichotomy disappears in the analogue of this
notion for enumeration reducibility—enumeration degree spectra. The enumeration
degree spectrum of a structure is the set of degrees of enumerations of its positive
diagram [34]. Soskov’s work on this notion exposed deep theory and contributed to
the study of Turing degree spectra (see [36] for a survey). In [12] r.i.p.e. relations,
relations that are enumerable from the positive diagrams of all isomorphic copies
of a given structure, were studied. The main results show that a relation is r.i.p.e.
if and only if it is definable by a positive computable X! infinitary formula. and
that positive enumerable functors—a reducibility between structures introduced in
[13]—have a syntactic equivalent in a version of interpretability using 2{ formulas.

In this article, we establish another relationship between definability by positive
infinitary formulas and enumeration reducibility. Our main result is an effective
version of the Lopez-Escobar theorem that establishes a connection between the
Borel hierarchy on the Scott topology on the space of countable structures and
a hierarchy of positive L, -formulas. Let (Mod(z). <) be the set of countable
structures in the relational language t with universe w, where < is the substructure
ordering on Mod (7). This ordering gives rise to a topology. the Scott topology with
basic open sets the superstructures of 7-finite structures. It is not a Polish space but
an w-continuous domain and allows the definition of a Borel hierarchy. Selivanov
[33] showed that the Borel sets in this topology equal the Borel sets under the usual
Polish topology on Mod (z) and, thus, one gets Lopez-Escobar’s theorem for the
Scott topology for free. However, the Borel hierarchies on this spaces differ and
we will prove a stronger version of this theorem, matching the Borel complexity

https://doi.org/10.1017/js1.2024.18 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2024.18

A LOPEZ-ESCOBAR THEOREM FOR CONTINUOUS DOMAINS 3

with the complexity of defining formulas. We show that a set is T12 in the effective
Borel hierarchy on the Scott topology if and only if it is definable by a computable
14 formula (Theorem 3.12). The p in I14 stands for positive; the IT5 formulas are
a subset of the classical T1? formulas in the logic L, with the use of negations
restricted. Vanden Boom [4] showed the analogue of our theorem in the classical
setting. The bold-face version is a corollary of Vaught’s proof of the Lopez-Escobar
theorem [37]. We will prove our version of the Lopez-Escobar theorem using a
notion of forcing which can be seen as an amalgamation of the forcing used in
Vanden Boom’s proof and a forcing used by Soskov [34].

As Turing computable operators are to Polish spaces, enumeration operators are
to the Scott topology. Enumeration operators can be viewed as functions mapping
subsets of @ to subsets of w and thus as functions from 2% to 2. While we have only
defined the Scott topology on Mod (z), there is a similar topology on 2 where the
basic open sets are the supersets of finite sets. Enumeration operators correspond
to effective Scott continuous functions from 2% to 2*. As in the classical case, we
can view the Scott topology on Mod (t) as a subspace of the Scott topology on 2¢.
We use this fact to obtain a new pullback theorem for computable embeddings. A
computable embedding between two classes K and K’ is an enumeration operator
® such that for A € K, ®(A) € K’, and A = Bif and only if ®(A) = ®(B) [7]. Our
pullback theorem says that for ¢ a I1% formula in the vocabulary of X', there is &*,
a T} formula in the vocabulary of K such that for all A € K, A |= £* if and only if
®(A) = & (Theorem 4.5).

Computable embeddings and their classical analogue, Turing computable
embeddings [23], have been heavily studied in computable structure theory over
the last decade. One question that has seen interest is to find a dividing line between
these two types of reducibilities [3, 7, 11, 19, 20]: What properties must classes of
structures K and K’ have so that there is a Turing computable embedding from
K to K’ but no computable embedding? Our pullback theorem is a useful tool
for investigations of this kind. To demonstrate this we study classes I and their
sister classes K where A is obtained from A by introducing an infinite equivalence
relation E on  where all equivalence classes are infinite such that A/E =~ A. We
continue work of Ganchev, Kalimullin, and Vatev [16] and study when we can
have a computable embedding from K into K. We show that for £ the class of linear
orderings, any two structures in L satisfy the same Eg sentences. Thus, if  C £, and
the orderings in K are distinguishable by 2 sentences, we cannot have a computable

embedding K — K. Using this we show that there is no embedding from {®,d*} to
{w, w*}, answering a question of Kalimullin (Theorem 5.6).

§2. Preliminaries.

2.1. Scott topology. Let (P, <) be a partial order. A set D C P is directed if D # ()
and for all a.b € D, thereisd € D with a <d and b < d. A partial order Pis a
directed complete partial order (dcpo)if every directed D C P has a supremum sup D
in P. A set U is Scott openif U is an upper set,ie, x e Uandx <y — y e U,
and for every directed set D with sup D € U we have that D N U # (). The Scott
open sets of P form a topology on P, the Scott topology.
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Notice that the Scott topology on any partial ordered set that contains a chain of
size larger than 2 is not Hausdorff. To see this just note that forall x,y € Pifx <y
then every Scott open set containing x contains y. So, in particular, it is not Polish.

As an example of such a space consider the Scott topology on 2% equipped with
the dcpo given by f C gif /(i) =1 == g(i) = 1. It has a natural countable basis
given by the basic open sets

2.0, and 0, = {f €2” | f(n) =1} foralln € w.

The Scott topology on 2 is what is commonly referred to as an w-continuous
domain. In fact it is an w-algebraic domain and thus a quasi-Polish space [6]. The
spaces we consider in this paper will be closed subspaces of the Scott topology on 2%.

Let 7 be a countable relational vocabulary containing = and #. Denote by Mod (1)
the set of countable z-structures with universe w. Similarly, if £ is a t-formula, denote
by Mod (&) the set of models of &. There is a natural dcpo on Mod (t) given by

A=< B:<= VR ect(R"CR").

For the sake of readability we will refer to the Scott topology on (Mod (t), <) simply
as the Scott topology on Mod (7). It might seem odd to the reader that we include
both = and # in the vocabulary. The reason for this is that we want to identify the
Scott open subsets of Mod (7) with subsets that are definable by existential formulas
without negation. If # is not in the vocabulary, then this is generally not possible
for the emptyset. With # in the vocabulary we can always define the emptyset by
the formula 9x x # x regardless of other properties of 7.

In order to use tools from computability theory, it is convenient to represent
A € Mod () by their atomic' diagram—the infinite binary string

I, ifAE&x; —i].
0, otherwise,

where ¢4 is the n” formula in an effective enumeration of all atomic z-formulas
with free variables a subset of {xy,....x,}. Notice that this representation gives a
homeomorphism between (Mod (z), <) and the closed subset of (2, C) given by

N 2\ 0, N N 29\ 0,.

ne{ x;=x;i#jcw} ne{x;#x; Nicw}

Notice that the Scott topology on Mod(z) is homeomorphic to the subspace
topology on this space. By the same idea we can view natural classes of structures
such as linear orderings as closed subspaces of 2.

2.2. The Borel hierarchy for non-metrizable spaces. The Borel sets of a Polish
space bear a natural structure in terms of the Borel hierarchy. This is witnessed by
the fact that the Zg sets are precisely the F,; subsets and the Hg sets coincide with the
G, subsets of the space. In non-Hausdorff spaces we cannot find this correspondence

'When talking about computable structures, there is often no algorithmic difference between atomic
and quantifier-free formulas. This often leads to identifying atomic and quantifier-free diagrams, the
two terms being then used interchangeably. Here we really do mean atomic formulas, in particular, no
negations are allowed.
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in general. It is common for non-Hausdorff spaces to have open sets that are not F,
(i.e.., countable unions of closed sets) and closed sets that are not G (i.e., countable
intersections of open sets). One example of this phenomenon is the Sierpifiski space,
which has {_L, T} as underlying set and the singleton { T } open but not closed. This
implies that the classical definition of the Borel hierarchy, which defines level £9 as
the F,-sets and Hg as the Gj-sets, is not appropriate in the general setting.

DerINITION 2.1 [33]. Let (X, ) be a topological space. For each countable ordinal
a > 1 we define X2 (X, 7) inductively as follows.

(1) 2(X.7) =r.

(2) For a > 1, X2(X, 1) is the set of all subsets 4 of X which can be expressed in

the form
A=JB\ 8.
icw
where for each i, B; and B are in E%i (X, 1) for some f; < a.

We defineIT% (X, 7) = {X \ 4| 4 €X2(X.7)}and A2 (X, 7) =20 (X.7) NI (X, 7).
Finally, we define B(X.7) = U, 2% (X, 1) to be the Borel subsets of (X, 7).

a<w

The definition above is equivalent to the classical definition of the Borel hierarchy
on metrizable spaces, but differs in general. Selivanov has investigated this hierarchy
in a series of papers [32, 33], with an emphasis on applications to w-continuous
domains. He shows (Proposition 5.3 in [32]) that the classical Borel hierarchy on
Cantor space differs from the new Borel hierarchy on the Scott space at finite levels
and coincides at infinite levels.

2.3. A hierarchy of positive infinitary formulas. In the classical setting the Lopez-
Escobar theorem establishes a correspondence between subsets of Mod (1) defined
by sentences in the infinitary logic L., and the Borel sets. Our theorem relates the
Borel sets in the Scott topology with subsets defined by positive infinitary sentences
defined below. See [1] for an in-depth treatment of infinitary logic that goes in hand
with the developments in this section.

DeFINITION 2.2, Fix a countable vocabulary 7. For every a < w; define the sets
of X2 and I t-formulas inductively as follows.
e Let « = 0. Then:
— the Zg formulas are the finite conjunctions of atomic 7-formulas.
— the H{)’ formulas are the finite disjunctions of negations of atomic t-
formulas.
e Let o = 1. Then:
— ¢(u) is a ¥ formula if it has the form
o(it) = Wicr 3w (i, %;).
where for each i € 1. y; (. %;) is a £{ formula. I is countable.
~ (u) is a I1{ formula if it has the form
olit) = MierVxiwi (. X;).

where for each i € 1. y; (. X;) is a IT{) formula, I is countable.
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e et o > 2. Then:
— (@) is T2 formula if it has the form

(i) = Wier3x; (& (i, x;) Ny, %)),

where for each i € I, & (1. X;) is a ZZ, formula and w; (i, x;) is a 11

Bi
formula, for some f; < o and I countable.
— (@) is T1%, formula if it has the form

(i) = MNierVxi (&, X;) V oy, %)),

where for each i € I, & (i1, %;) is a Zz formula and w; (i, x;) is a 1%

Bi
formula, for some f; < o and I countable.

The set of positive infinitary formulas, L{;lw, is the smallest subset of L, closed
under logical equivalence containing all IT, formulas for a < ;.

It is not hard to see that every L,,,,, formula is logically equivalent to an Lé’)lw-
formula and that these two sets are thus equivalent. However, as should be evident
from the definition, the hierarchies differ at finite levels.

We say that a formula is in normal form if it is X4, or I14 for some oo < w;. An easy
transfinite induction shows that every L,,,,, formula is equivalent to a formula in a
normal form.

Consider a Zf formula ¢ = W;ec73%;w;(X;) in a computable vocabulary 7. We can
fix an injective computable enumeration of the conjunctions of atomic 7-formulas
and assume without loss of generality that i = "y;" is the index of y; in this
enumeration. Let X C w such that I is X-c.e., then we say that ¢ is an X-computable
27 formula, or short, ¢ € 7. We will denote the set of =/ formulas such that 7 is
c.e., as the /" formulas, where ¢ stands for computable.

We could intuitively generalize the above definition to arbitrary X-computable o
and X-computable IT5 formulas by demanding that all the index sets I are X-c.e.
However, doing this formally requires some care. Let us give the formal definition
for computable X2 and IT4. It should be obvious that this definition relativizes.

DEFINITION 2.3. For a € O, we define the index sets ST and S!! as follows:

e Let|alp = 0and ST = {"¢" | ¢ a finitary conjunction of atomic t-formulas}.
o Let |a]|p > 0. Then:

— 82 = {(Z.a.X.e) | X is a tuple of variables. e € w}.

— SIV={(T1,a, %, e) | X is a tuple of variables, e € w}.

We define the positive infinitary formula ¢; () with index i as follows.

o Letla|lp=0.1fi € Slz, then ; () is the t-formula with Godel number i.
e Let |a|o = 1. Then:
—Ifi € S, then i = (. a.u, e). for some tuple % and index e, and ¢; () is
the disjunction of formulas (3x)¢; (1. ). where j € W, N Sf.
—Ifi e S}}, then i = (I, a, u, e), for some tuple u and index e, and ; () is
the conjunction of formulas (V¥)—~¢, (%, X). where j € W, N ST.
e Let |a|p > 2. Then:
—Ifie SE, then i = (X, a,u, e), for some tuple u and index e, and ; (u) is
the disjunction of formulas (3%)[&, (u,X) A w, (4, X)], where (£,7) € W,
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and ¢ € SE and r € S{I, for some b <o a with |b|p > 0. Moreover, the
third components of the indices ¢ and r are the tuple (z,X).

—Ifi e S}}, then i = (I, a, u, e). for some tuple u and index e, and ¢; () is
the conjunction of formulas (VX)[&, (u,X) V y,(u,X)], where (£,r) € W,
and ¢ € SE and r € S{I, for some b <» a with |b|p > 0. Moreover, the
third components of the indices ¢ and r are the tuple (#,X).

If i € S* (SI) with |a| = «, then ¢; € 5 (T15°). A formula ¢ is a computable
positive infinitary formula if ¢ € L%, = U(leck )Y ANUN § Il

Definition 2.3 can be relativized to arbitrary X C w by replacing occurrences of
O and W, with O* and WJX. This allows us to obtain X5% and I15* formulas.
As every L), ,, formula ¢ is TI for some countable ordinal a, ¢ is II5* for X the
computable join of the index sets in the definition of ¢ and a set Y with a < w/".
Hence, a formula is IT%, if and only if it is TT1,-* for some X C .

DEFINITION 2.4. We define neg(y) following the definition of ¢.

eleta=0.

—If pis Z(’)’ , 1.e.,  1s a conjunction over some finite set / of the atomic
formulas ¢, where i € I. then neg(¢p) is the finite disjunction over the
same finite set 1 of wplf” ,wherei € 1.

—Ifpis H(’)’, i.e.. ¢ is a disjunction over some finite set / of -, where
i € I, then neg(p) is the conjunction over the same finite set 1 of o,
where i € I.

eleta=1.

—Ifpis Zf , 1.e., ¢ 1s an infinitary disjunction over a set of formulas of the
form 3xy. then neg(y) is an infinitary conjunction over the same set of
the formulas Vxneg (v ).

—Ifpis Hf , 1.e., @ is an infinitary conjunction over a set of formulas of the
form VX, then neg(y) is an infinitary disjunction over the same set of
the formulas Ixneg (v ).

eleta > 2.

— If p is 2 formula. i.e.. ¢ is an infinitary disjunction over a set of formulas
of the form 3x(& A w). then neg((p) is an infinitary conjunction over the
same set of the formulas Vx (neg (&) V neg(w)).

— If o is T4 formula. i.e.. ¢ is an infinitary conjunction over a set of formulas
of the form Vx (& V y), then neg(y) is an infinitary disjunction over the
same set of the formulas 3x (neg (&) A neg(w)).

If ¢ is not in normal form and thus not in X% or I for any o < w1, then we can
find a formula in normal form w such that w = & and let neg (&) = neg(y).

The above definition makes the proof of the following proposition self-evident.

PROPOSITION 2.5. For any L, ., formula ¢. neg(neg(p)) = ¢. Furthermore, if
o € TIE°, then neg(p) € T and neg(neg(p)) = .

Following [27, Chapter V.4]. consider L) ., formulas in the language of arithmetic
with one extra unary relation symbol D, to represent the diagram of the structure,
which we treat as a second-order variable. This means that we allow atomic formulas
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of the form D (x). We will refer to these formulas as N-L{, ., formulas. We can now
talk about N-L/, ,, definable subsets of 2 (or Mod()) in the standard model of
arithmetic. A set of natural numbers A4 is N-L, ,-definable if there is an N-L, ,,
formula ¢ such that (N, A) = & where N is the standard model of arithmetic. By
identifying elements of 2* and Mod(t) as characteristic functions of sets we get
the notion of definability for these elements. Furthermore, it is not hard to see that
within this model every N-L, ,, formula is equivalent to an N-L/, ,, formula without
quantifiers, and that this quantifier elimination can be done without increasing the
complexity of the formula. To see this, simply note that we can replace formulas of
the form 3x&(x) by W,.c.,¢ (n) and formulas of the form Vx¢&(x) by M,ew ¢ (n) wheren
is the formal term for »n in N. Notice that the atomic subformulas of a quantifier-free
N-L?, ., formula are either D(n), T. or L. We will refer to £ formulas of this form
as N-X2 formulas and to I12 formulas as N-IT2 formulas.

PROPOSITION 2.6. For all non-zero a < wy,

(1) 2 (2?) = Mod (N-2) = {{X €2? : (N.X) ¢} : £ e N-20) .

(2) MY(27) = Mod (N-T14) = {{X €2”: (N.X) &} : & e N-IIZ )

Proor. The proof'is by induction on . By our comments in the above paragraph
we may assume that N-LZ, ,, formulas are quantifier-free and all atomic subformulas
are of the form T, L, or D(n) for some n € w. If £ € N-X contains the subformula
L, then Mod (¢) = @andif ¢ = T, then Mod (¢) = 2”. Otherwise, the corresponding
open set X: is (), c.,.p(m)ess(c) On- Where by sf (&) we denote the subformulas of .

If ¢ e N-E]l), ie., &= Wicr i with Wi € N-Zg, then Mod(f) = Xf = Uiel XV/i S
0. If & e N-IIY, then ¢ =neg(y) and Mod (&) = Mod(neg(y)) =2\ X, €
II). On the other hand. if B €X{. ie.. B =, Mu<n, On. then let &p =
\X/,‘el/)(\nSNl.D(n). If Be H(l) then 2% \ B 62?, neg(fzw\B) € N-Hf and B =
Mod (neg (& 5).

Assume that for all § < o and all N—2§ formulas ¢, thereis a Z% set X: such that
Mod (&) = Xg. Let & € N-28, ie., & = Wier(w: A neg(6;)) for w;.,0; € N—Zzi with
Bi < a. Then Mod (&) = U, c; Xy, \ Xo, = Xz € B0 If & € N-IT4. then & = neg(y)
for y € T4 and Mod (&) = Mod (neg(y)) =2\ X,, € IY.

Suppose that for all § < o and all Z% sets B, there is an N-ZZ formula £p such
that Mod (£p) = B. Assume that B € . ie. B =, B \ B/ with B;, B/ € £},
for f; < a. Then &z = Wic/(Ep, A neg(fgl_/)) € N-2£ and Mod (¢3) = B. Atlast, let
B €I then 2° \ B € X, neg (&0 p) € N-TIZ and Mod (neg(éxo5)) = B. -

2.4. The effective Borel hierarchy. As we have discussed after Definition 2.3, every
positive infinitary formula is computable relative to some oracle X. Proposition 2.6
associates to every Borel set a positive infinitary formula ¢ in the language of
arithmetic with an additional unary relation symbol. This motivates the following
definition of the effectively Borel hierarchy on 2¢ and through this on Mod (z) for a
given computable vocabulary 7.

DEFINITION 2.7. Let X C 2% and Y C w.
o X €30(Y)ifthereisa 57 N-L%, ,,-formula ¢ such that X = {D : (N. D) |=
ph A Eé’,‘Y index for ¢ is a Y-computable index for X.
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o X € TO(Y)ifthereisa 127 N-L%, ,,-formula ¢ such that X = {D : (N. D) =
v} A HZ’Y index for ¢ is a Y-computable index for X.

Furthermore, X is effectively 20, or X € X0, if X € 20 (0). Likewise, X is effectively
MY, or X € Y, if X € T19(0).

§3. The Lopez-Escobar theorem for positive infinitary formulas. The main goal of
this section is to give a forcing proof of the Lopez-Escobar theorem and its related
corollaries. The definition of our forcing relation is similar to the forcing relation in
[34], but our presentation of the forcing and the forcing poset are closer to [27].

Our forcing poset is the space of presentations of a fixed structure A. We produce a
generic element G = A that decides membership of the Borel sets on .A. We represent
the Borel sets by their N-L’, ,, formulas using the correspondence established in
Proposition 2.6. Formally our forcing poset P is the set of finite permutations of
the natural numbers. We will build a generic enumeration g and let our generic
proposition G = g 1(A). Let us start by defining our forcing relation.

DerINITION 3.1 (Forcing relation). Fix a countable structure A in a countable
vocabulary and let P be the set of all finite permutations of A4, which by our
assumption is w. For a forcing condition p € P define the forcing relation I+ 4
inductively for all N-L%, ,-formulas ¢ in normal form as follows.

(atoml) plF4 Tand p If4 L
(atom2) plka D(n)if A= E9x; — pil.
(N- ) If o = D(ng) A---AD(ny), then pl-4 @ if p k4 D(n;) foralli < k.
(N-X{) If ¢ = W;e & where & are N-x formulas, then p I-4 ¢ if for some
iel, plFgé.
(N-2.1) If @ = Wies (& A 6;). where for each i € I, & € N- Z” and 0; € N- H"
forsome f; > 0, then pIF4 pif plkg & and pl-4 (9 for some i € I
(N-T1) If ¢ is an N-TT2 formula, for any o > 0. then p I-4 ¢ if for all ¢ D p.
q Iy a neg ().

There is a subtle point to the definition of (atom2). If £% contains a variable
symbol x; al[x; — p;lasfalsein Aand thus p If 4 D(n)
in this case.

Lemma 3.2 (Extension). For any N-Ll, ., formula ¢ and forcing condition p. if
plkapand p C q,thenq -4 .
Proor. Straightforward induction on ¢. -

Lemma 3.3 (Consistency). For any N-LY, ., formula ¢ and any forcing condition
p. it is not the case that p - 4 o and p I+ 4 neg(p).

Proor. Towards a contradiction, assume that for some N-Lfolw formula ¢ and
some forcing condition p., p I-4 ¢ and p -4 neg(p). Without loss of generality,
suppose that ¢ is an N-X£ formula, for some «. Then, clearly, neg(y) is an N-IT5
formula. It follows that, since p I-4 neg(¢p). for all ¢ D p. q If 4 neg(neg(y)) and
hence p Iff 4 ¢ because neg(neg(p)) = . 4

LemMa 3.4 (Density). For any N-L, ., formula ¢ and forcing condition p. there is
a forcing condition g O p such that q -4 @ or q IF4 neg(p).
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PROOF. Assume that there is an N-L, ,, formula ¢ and forcing condition p such
that for all ¢ D p. g ¥ 4 v and q ¥ 4 neg(yp). Without loss of generality, suppose
that ¢ is an N-Z% formula. Hence, neg(¢) is an N-TT5 formula. Since p Iff 4 neg(¢p).
it follows that for some ¢ D p, ¢ -4 neg(neg(y)). But since neg(neg(p)) = ¢. we
conclude that ¢ I-4 . 4

DEerFINITION 3.5. A bijection g is called a generic enumeration of A if for any
N-L/, formula ¢, there is p C g such that p I-4 ¢ or p I-4 neg(y).

LemMA 3.6. Every p € P can be extended to a generic enumeration g.

PrROOF. As the set of N-L%, formulas in normal form is countable, we can fix
an enumeration (&,),ec. of these formulas and let F, ={g € P:qlF4 &V g lba
=(&,)}. By Lemma 3.4 every F, is dense in P. Define a sequence p = py C p; C -
such that p,, € F, and p,.; contains the least natural number not in p,,. As all
the F, are dense, this sequence is well-defined and ¢ = lim,,_,,, p, is generic. -

TueoreM 3.7 (Forcing equals truth). Let g be a generic enumeration of A and let
G = g7 (A) and Dg be the atomic diagram of G. Then for any N-L%, formula .

(N.Dg) Eeiff BpcgliplFael

Proor. We prove this by transfinite induction on the N-L%, formula ¢. Let
¢ be atomic. Then ¢ = T, ¢ = L or ¢ = D(n) for some n. The first two cases
follow trivially from the definition. For the third case, suppose that for some
p Cg. plkaD(n). Then p'(A) = ¥[x; + i] and, thus, g1 (A) &= E%[x; > i].
or, in other words, (N, Dg) = D(n). For the converse, let (N, Dg) = D(n). By our
convention that £# does not contain variable symbols x; for i > n we have that for
p=gln p'(A) EEYx; — i]and hence p I-4 D(n). The equivalence for N-X{
and N-Z/* formulas follows easily.

Let ¢ be equivalent to an N-X4° formula, for o > 2. Then ¢ = W;ew, (& A w;).
where for any i € W, & is N—Zﬁi" and y; is N-HZ; for some f; < a. Suppose
that for some p C g, plk4 @, i.e., forsomei € W,, pl-4 & and p IF4 w;. By the
induction hypothesis, (N, Dg) = &; and (N, Dg) & w; and hence (N, Dg) |= ¢. For
the converse, let (N, Dg) |= ¢. Then (N, Dg) = &; and (N, Dg) |= w; for some i €
W,. By the induction hypothesis, there is some py C g such that pg IF 4 & and some
p1 C g such that p; IF4 w;. Let p = max{po, p; }. Clearly, p C g. By monotonicity
of forcing, p IF4 & and p IF4 w;. It follows that p IF 4 .

Now let us consider the case when ¢ is equivalent to an N-IT5° formula, for
any o > 0. First, let p IF 4 ¢ for some p C g. Towards a contradiction, assume that
(N, Dg) £ . Butthen (N, Dg) = neg(y), where neg () is N-X4¢. It follows that for
some g C g, q IF4 neg(p). Let r = max{p.¢}. By monotonicity, it follows that
r k4 @ and r I-4 neg(p). A contradiction.

Second, let (N, Dg) | . Assume that for all p C g. p I .4 . But then, since g
is generic, there is some ¢ C g such that g I-4 neg(¢p). Since neg(yp) is N-Z&°, it
follows that (N, Dg) = neg(y). We reach a contradiction. =

3.1. Definability of forcing. For any N-Lf,lw formula ¢, we will define an chtnw
formula Force, (it) such that

plFa @ iff A | Force,(p).
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DEFINITION 3.8. For any N-L/, ., formula ¢ in normal form and every tuple
i € 0=, define the formula Force, (i) inductively as follows.

(atoml) Forcer(u) = Ix x = x and Force (i) = IxIy(x # y Ax = y).
(atom2) If ¢ = D(n), then Force,(it) = N\, 4; g i jen i 7 Uj & &' [Xi = wi].
(N-2) If ¢ = M & with & atomic, then Force, (1) = Ni<x Forcee, (i1).
(N-2) If ¢ = W;er& where & € N- X{. then Force,(it) = W;e; Forceg, (ur).
(N-2.1) If o = Wies (& A 0;) where & € N- Z” and 0; € N- Hp , B > 0, then

Force, (i) = W (Forcee, (1) A Forceg,(it)).
(N-I17) Force,(u) = MrewVx1 -+ Vxi (neg(Force,q(,) (. %))).
Notice that the definition of Force, (i) only depends on the formula ¢ and the
size of the tuple . It depends neither on the tuple # itself nor on the structure A.
LEMMA 3.9. For all « > 1, for each N-25 formula . Force, is a Z5 t-formula.

Proor. This is proven by transfinite induction on «.

e Let p be an N—Zé’ formula. Since # is included in 7, the formula Force, is a
finite conjunction of finite £/ formulas and hence it is a § formula.

e Let ¢ be an N-X{ formula. Then ¢ = W;¢;¢&;. where all & € N-X{. We know
that Forcee, (i) is £} for any tuple #. Then

Forcey(it) = Wiey Forceg, ()

is a X¥ r-formula.
e Let ¢ be an N-X formula, o > 2. Then ¢ = W;e; (& A 0;). where &; € N-Z§
and 0; € N—Hﬁ, for some S < a. Without loss of generality, we may suppose
that # > 1. By the induction hypothesis, we know that Force, (u) is *? and

B
Forcey, (u) is H/

Forcey,(it) = Wier (Forceg, () A Forcey, (1))
is a computable infinitary £ 7-formula.

e Let ¢ be an N-IT5 formula, for any o > 0. Then clearly, neg(y) is an N-X2,
formula. It follows that Force,,.q(,,) () is a & t-formula for any tuple #. Then

neg(Force gz, (1)) is I14 and hence
Forcey (it) = Mg VX1 -+ VXy neg(Force, o, (4, X))

is 15, formula if & > 1 and ITY if o = 0.

We still have to establish that if ¢ is computable N-X%., then Force,, (i) is computable
>4, Just notice that given an index set for an N-X£° formula ¢ our inductive definition
of Force,(i1) describes an algorithm that produces an index set for a X5 formula
equivalent to Force, (i). 4

LemMa 3.10 (Definability of forcing). For any forcing condition p and any N-L1, ,,
Jormula . p -4 ¢ iff A = Force,(p).
ProoF. Induction on ¢. -

https://doi.org/10.1017/js1.2024.18 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2024.18

12 NIKOLAY BAZHENOV ET AL.

For classes of structures C, D, and K, we say that C = D within L if CNK =
DN K. We essentially repeat the proof in [27] to obtain an effective version of
Lopez-Escobar’s theorem.

THEOREM 3.11. Let K C Mod(t) be isomorphism invariant. Suppose that for
a > 1, iis an index for a 11O set B; in the effective Borel hierarchy such that B; N K is
isomorphism invariant. Then we can effectively find an index for a I15° t-sentence
such that B; = Mod(p) within K.

Proor. Consider a I1? set B; in the effective Borel hierarchy. We can effectively
find an index j of an N-TT5® formula & such that B; = Mod(¢). By Lemmas 3.9 and
3.10 we can effectively find an index for the IT5 z-sentence ¢ = Force:(()) where ()
denotes the empty forcing condition. We will show that B, = Mod(y) within K.

First,let A € B; N K. Wemust show that 4 |= ¢. Towards a contradiction, assume
A £ ¢. Then, by Lemma 3.10, () If 4 &. Since ¢ is N-IT5, by Definition 3.1, there
is a forcing condition ¢ such that ¢ I-4 neg(&). Extend ¢ to a generic enumeration
g of A and consider G = g"!(A). But then by Theorem 3.7, (N, Dg) = neg(&). As
Mod(neg(&)) =2%\ B;,G € 2” \ B;. But B; > A was invariant and thus, as A & G,
G € B;, a contradiction.

Second, let A € Mod(¢) N K. Then A |= ¢ and hence () I-4 ¢. Consider any
generic copy G of A. By Theorem 3.7, (N, Dg) |= ¢ and hence G € Mod(¢&) N K.
Since Mod(¢&) N K is closed under isomorphism, A € Mod(é) NK =B, NK. -

Notice that Theorem 3.11 also works for £2¢ sets as neg is a computable function
that takes an index for a £5° set and outputs an index for a IT5 set equivalent to the
negation of the original formula. Proving the theorem for X% sets directly seems to
be difficult using our forcing as for N-X4° formulas &, () [f 4 &.

THEOREM 3.12. Fix a computable ordinal oo > 1. An isomorphism invariant B C
Mod (z) is TI if and only if there is a T15° t-sentence o such that B = Mod ().

Proor. The left to right direction is just Theorem 3.11 with X = Mod (z). The
right to left direction is established by an easy transfinite induction. o

The following corollary follows directly from the relativization of Theorem 3.12
after one notices that every I is TT% (X) for some X C w.

COROLLARY 3.13. Let B C Mod(L) be isomorphism invariant and let o > 1. The
set BisTI® if and only if there is a T14, sentence ¢ such that B = Mod(p).

By the argument given after Theorem 3.11 the analogs of Theorem 3.12 and
Corollary 3.13 for £ sets are also true.

§4. A pullback theorem for computable embeddings. An enumeration operator T’
is a c.e. set of pairs (n, m) where we treat n as an index for F,, the nth set in a fixed
computable enumeration of the finite subsets of w. For X C w we write I'(X) for
the set {m : (n.m) € T and F, C X}, and for an element f* € 2”, we let X, C w be
such that 1x, = f. Then an enumeration operator I' defines a function 2% — 2%
given by [+ xr(x - In fact, it is easy to see that enumeration operators are Scott

continuous (i.e.. continuous functions in the Scott topology on 2?). Identifying
countable models in relational vocabularies by their atomic diagrams, we may view
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enumeration operators as Scott continuous functions from Mod () to Mod (t) for
79, 71 relational vocabularies, and, thus, as functions between classes of structures.
Let ICy be a class of 7yp-structures, and let £C; be a class of z{-structures.

DErINITION 4.1.  An enumeration operator I is a positive computable embedding
of Ky into Ky, denoted by I': ICy <, Ky, if I satisfies the following:

(1) Forany A € Ky, I'(D(A)) is the atomic diagram of a structure from K;. This
structure is denoted by T'(A).
(2) For any A. B € Ky, we have A = B if and only if ['(A) = I'(B).

Positive computable embeddings have the useful property of monotonicity: 1f
I': Ko <, K1 and A C B are structures from Ko, then we have ['(A) C I'(B).

For total structures, i.e., structures of the form A = (4, R;..... R,. R..... R,). the
notion of positive computable embedding coincides with the notion of computable
embedding as defined in [23] and denoted by <,.

Let us denote the structure Ay = (N, S, X'), where S is the successor relation and
X is an arbitrary set. Then it is clear that {Ax} <. {Ag}. but {Ax} £, {Ax}.
where K denotes the halting set. Moreover. { Ay} <,. {Ax}. but {4y} £, {Ax}.

DerINITION 4.2 [23]. A Turing operator ® = ¢, is a Turing computable embedding
of Ky into Iy, denoted by @: Ky <, Ky, if ® satisfies the following:

(1) Forany A € K. the function <peD (4 i the characteristic function of the atomic

diagram of a structure from K. This structure is denoted by ®(.A).
(2) For any A, B € Ky, we have A = Bif and only if ®(A) = ®(B).

Turing computable embeddings do in general not have the monotonicity
properties of computable embeddings. This can be used to show the following.

ProposiTiON 4.3 (Greenberg and, independently, Kalimullin; see [20, 23]). If
Ko <. K1, then Ky <,. K. The converse is not true.

The Pullback Theorem in [4] connects Turing computable embeddings with
definability by classical computable infinitary sentences. We obtain an analog of
this result in our setting. The original pullback theorem was proved for structures
whose universe can be arbitrary subsets of the natural numbers. Our version might
seem a bit more restrictive at first sight, as we assume the universes of our structures
to be w and this in particular excludes finite structures. However, we could easily
add unary relations for the universe of a structure and its coset to the vocabulary
and then we could deal with this more general setting as well.

PROPOSITION 4.4. A positive computable embedding T, : IC <,. K' can be trans-
formed into an effective Scott continuous function T, : Mod(t) — Mod(z") with the
property that T,(K) = T.(K).

ProOF. Recall that for a set 4, T,(4) = {x | (v.x) € W, & D, C A}. We may
suppose that for all natural numbers n, ("07,"n = n™) € W,. This ensures that all
output sets can be interpreted as ¢’-structures with domains . Since we can interpret
any natural number as the code of a positive atomic sentence in 7/, we only need to
filter out from W, all sentences of the form n # n and n = m for different natural
numbers n and m.
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Let us have the enumeration { W, },<., of the c.e. set W, where W, = [ J, W...
Weo=0, and W,z \ Wes| <1 for all s. We define W, inductively so
that W,o=0 and W, = W, if (v."n#n7) or (v."n=m") belongs to
Weosi1 \ Weys. and otherwise, set W1 = Wy U (Wesi1 \ Wey). Then clearly
I', : Mod(z) — Mod(z’) is an effective Scott continuous mapping and by the
construction of W,, I',(K) = I'.(K). It is clear that we can effectively obtain the
index a from the index e. -

THEOREM 4.5 (Pullback Theorem). Let K C Mod(t) and K C Mod(z') be closed
under isomorphism. Let T, : KK <,. K'. then for any Lf, ., tv'-sentence @' we can
effectively find an L%, t-sentence @ such that for all A € K.

AE e iff T.(A) ¢
Moreover, if o' is Z5° (or TIE ), then so is .

ProOF. By Proposition 4.4, we can view I, as an effective Scott continuous
function from Mod(z) to Mod(z’) that is isomorphism invariant on K, i.e., A = Bif
and only if T, (A) = T,(B) for all A, B € K. Thus if B C Mod (z’) is invariant TT?,
then I',' (B) is a IT? subset of Mod () that is invariant on .

The N-TI4 formula ¢ describing I','(B) can be effectively obtained from ¢’
corresponding to B by replacing occurrences of atomic formulas in &’ with the
following formulas depending on their type:

Or=T 0, =1 HD(n) = \X/(n{v)el"g /\ D(m)

meDy

An easy induction shows that ¢ € I14 if and only if &’ € T4 for o > 1 and that
Mod (&) = T';'(¢'). We obtained & effectively from ¢, Thus, if B = Mod (&') is TTY,
sois ;' (B) = Mod (¢). A similar argument works for £ formulas. To complete the
proof of the theorem use Theorem 3.12 to obtain &’ from ¢’ and then use Theorem
3.11 to obtain ¢ from & such that Mod () is equal to I','(B) within K. .

§5. An application. In this section, we give a simple application of the Pullback
theorem which illuminates the difference between Turing and enumeration opera-
tors.

DEFINITION 5.1 [16]. For a structure A, let A be a structure with a new congruence
relation ~ such that:

a) the ~-class for each element in A is infinite;

b) A/. = A.
Foraclass . let K = {A| A e K}.

Intuitively, if IC is in a relational vocabulary, then the isomorphism types in the
class K are obtained from K by replacing each element « in the universe of A € K by
infinitely many elements (i, );c., and introducing a binary relation ~ to the language
such that i, ~ i, if and only if x = y. For example, if we are given an order type
L. then £ is a quasi-order with x ~ y if and only if x < y and y < x where each
~-class is infinite.
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It is not difficult to see that we always have K=,.K, K<.K,and K <. K.
More generally, for any two classes of structures Ky and X;, we have the following
implications:

Ko <. Ki = Ko <. Ki = Ko <i K1

We will give examples of classes of linear orderings such that the converse of
these implications does not hold. Let n denote the finite order type of size n for
n € w, and given any preorder A, let A* be the structure obtained by reversing
the order, i.e.. if x <4 y. then y <A" x. To see that the second implication is strict
consider the classes Ky = {1,2} and K| = {w, o*}. Tt is easy to see that [Cy <,, IC1
but the monotonicity of enumeration operators glves us that £y £, K because 1 is
a substructure of 2, but @ is not a substructure of @*.

Kalimullin [16] built a class K of finite undirected graphs such that K €. K. This

shows that the first implication is strict as we always have K <. K. Since the example
in the class of graphs is somewhat artificial, Kalimullin asked the following question.

QuEsTION 5.2 (Kalimullin). Are there natural classes of structures K such that
K £. K2

THEOREM 5.3 (Ganchev—Kalimullin—Vatev [16]). Let K = {ws. %} be the class
of strict linear orderings of types w and w*, equipped with the successor relation. Then
K %. K

Interestingly, it is not known whether {&, ®*} £, {w, w*}. where {w, w*} is the
class of strict linear orderings of types w and w*. Nevertheless, if we let {w, ®*} be
the class of linear orderings of order type w and w* in the vocabulary <, =, #, then
we can apply our new version of the Pullback Theorem and show that {&.d*} £,
{w, w*}. For A a linear ordering, the congruence relation x ~ y in A is definable by
the 3/ formula x < y A y < x, and, thus, we may omit ~ from the vocabulary.

For a class of formulas C (e.g., ) and I17), a structure A, and a tuple a in A,
define C-Tha(a) = {¢(x) eC| Ak &(a)}. If the tuple a is empty, we will write
C-Thy.

The next proposition isolates the key property that the class {@, @*} possess which
will allow us to show that {&. ®*} £, {w.,w*}.

PROPOSITION 5.4. Let A and B be linear orderings in the vocabulary <,=,#.
For any tuple a in A and any tuple b in B, if )°-Th z(a) = Z{°-Thg(b). then
X0-Th z(a) = ZV-Thg(b).

ProoF. Itisenough to show that {“-Th ;(a) C Z{°-T. h(b). Consider a formula
(%) = Wiew,3x:&; (%, X;). where &; (X, X;) are £{°. Suppose A= o(a). Fixi e W,
and a tuple @’ in 4 such that A |= & (a.a’). .

Since Xf-Th z(a) = X{-Thg(b). we know that @ and b are ordered in the same

way. Without loss of generality, suppose @ and b have length n and A Ea)<a <

- < a,_1 and similarly, B = by < by < -+ < b,1. We consider two cases which show
how we find the tuple &’ which makes f, (b.b") true in B. In both cases we use the
fact that each ~-class is infinite.
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Suppose that for some a; from the tuple a’, AEa < a; < a;41. The interesting
case is when a} is in a separate ~-class from «@; and a;,, but b; ;| belongs to the

successor ~-class of b; in B. Then we choose the corresponding element b} as an
element ~-equivalent to b; or b; . In this way, B | b; < b} < bjy.

Similarly, suppose that for some a} from the tuple @', A = a, | < a}, but b,_;
belongs to the <-greatest ~-class in 5. Then, again, we choose the corresponding
b} as an element ~-equivalent to b,,_;. =

Notice that Proposition 5.4 does not hold if we consider strict linear orderings A
and B and it does not hold for the class {@. @*} if the vocabulary under consideration
s <, =, #.

Lemma 5.5. Let A and B be linear orderings in the vocabulary <, =, #. Then
ch-ThA = ch—ThB.

PRrOOF. It is enough to show that Z0-Th ; C £7°-Th. Consider a X5 sentence
o such that

© = Wiew,3X;(&(x:) A neg(yi(X;)).

where &;(%;) and y;(X;) are £} formulas. Fix i € W, and a tuple 4 in A such that
A &ia) Aneg(yi(a)).

Since every ~-class contains infinitely many elements, it is easy to see that we can
choose a tuple b in B such that £[°-Th ;(a) = Zf°-Thz(b). But then by Proposition
5.4, 0-Thz(a) = ch-Thg(l_J). It follows that A |= & (b) A neg(w; (b)) and hence
B = . .

THEOREM 5.6. {®.®*} £, {w.w*}.

Proor. Consider the 25 sentences

@o = AxVy(=x # y V-p < x)

and

@1 =3IxVy(-x #yV-x < y).

It is clear that for any two copies A and A* of w and w*, respectively, A = ¢ A
=1 and A* = =g A ;. Notice that we don’t use the formulas 3xVy(x < y) and
JxVy(y < x) since they are 25 and not £

If we assume that {&.®*} <,. {w.w*}. by the Pullback Theorem, there must
be XX° sentences @y and @ such that for any two copies A and A* of &
and @&*, respectively. A = @ A =@ and A* = =@y A @;. But this contradicts
Lemma 5.5. B
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