ON MULTIPLE INTEGRAL GEOMETRIC INTEGRALS
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It has been pointed out repeatedly in the literature that the methods of
integral geometry (a mathematical theory founded by Wilhelm Blaschke
and considerably extended by several mathematicians) provide highly suitable
means for the solution of problems concerning ‘‘geometrical probabilities”
[2; 6; 12; 15]. The possibilities for the application of these integral geometric
results to the evaluation of probabilities, satisfying certain conditions of
invariance with respect to a group of transformations which acts on the
probability space, are obviously not yet exhausted. In this article, such
applications are presented. First, some concepts and notation are introduced
(§ 1). In the next section we derive some integral geometric relations (§ 2).
These results are generalizations of known systems of formulae and they are
valid in the k-dimensional Euclidean space. In § 3, we determine mean-value
formulae for the fundamental characteristics of point-sets, generated by
randomly placed convex bodies. In particular, the rotational mean values of
the fundamental characteristics of a zonotope (and of a parallelotope) with
given lengths of its edges are investigated (§ 4). Finally, in § 5 we deal with
the probability laws for certain agglomerations of planes, distributed at
random in the k-dimensional Euclidean space. The results in this section
are the k-dimensional extensions of some formulae in the special case & = 3,
which have been developed by Hadwiger and myself in an earlier paper [11].

In the present work, some elementary knowledge of integral geometry is
assumed to be known; in particular, we do not explain the concept of integral
geometric densities. Details of invariant measures of sets of geometrical
figures may be found in the introductory texts [1; 6; 8; 15].

1. Basic concepts and notation. In order to be able to give precise
statements about probabilities related to geometrical objects, we have to
make some assumptions about the class of geometrical entities taken into
consideration. Usually it is necessary to impose certain conditions on the form
of these point-sets. Such a class of sets, which is especially suitable for integral
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geometric calculations, is the class of convex bodies of the k-dimensional
Euclidean space Z*. In the following, we introduce some concepts and symbols
of the theory of convex bodies.

First we define by the relations (1)-(3) some sets of auxiliary numbers,
which we shall use quite frequently:

k/2

™ . . . .
1) o= —F—(m_l_ 1y volume of the k-dimensional unit ball

[k=0,1,2,...],

|
(2) Cr: = % i . .. w, complete integral over the group of rotations in %"
[k=1,2,...],
()  cu:= <]i> L"O‘)l—';%’ﬂ [f=1,...,F,co =1 k=1,2,...]
1.0 Wy

A convex body is by definition a compact, convex point-set in Z*. We
represent by .27 * the class of all convex bodies of #*, by x(4) the functional
on &%, which assigns the value 0 to the empty set and the value 1 to every
other element of &/* (characteristic of Euler-Poincaré, see [7]), by E; an
i-dimensional plane (linear subspace) of #* [1 =0,1,...,k], by K,® a
closed k-dimensional ball of radius r (for 2 = 0 and any » = 0, K,®
degenerates, by definition, to a point), and by Z an arbitrarily chosen point
of #*, which serves as an origin of Z#*.

It is well known that convex bodies may be generated from other convex
bodies by certain geometric operations. For instance, it is easy to verify that

4) A, B A*—ANBEc Lk
(5) A,Bc A*— A4 X Bc A*,

Here the signs M and X stand for the set-theoretic formation of the intersection
and the Minkowski addition, respectively. The Minkowski sum 4 X B of
the sets 4 and B is by definition the union of all points, whose radius vector
p with respect to Z can be represented by p = a 4+ b, where a is a radius
vector of a point of 4, and b is a radius vector of a point of B. Of course,
A X B depends on the relative position of 4 and B with respect to Z. However,
it is easy to prove that the convex sets, obtained for the different relative
positions of A4 and B, can be mapped by translations into one another
[8, pp. 13 ff., pp. 142 ff.]. The set 4,: = A X K,®(Z) is conventionally called
the “‘exterior parallel set of 4 in the distance #"’. A, consists of points of the
union {U K,®(p): p € A}, where p indicates the centre of the ball.
Analogously, we understand the “‘interior parallel set of A in the distance 7"’
to be the set A_,: = {U p: K,®(p)C A}. It is well known that if 4 € /¥,
then A_, € /%,

The fundamental characteristics (Minkowskische Quermassintegrale) are
often used to describe properties of convex bodies. They comprise a scale of
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k 4 1 non-negative numbers, assigned uniquely to every convex set. These
numbers may be defined in the following way using the abbrevations (1)
and (3):

(6) Wid): = co ' [ xANE)LE;, [i=0,1,...,k—1],
Wi(d): = wrx (4).

In the first relation, the integration of E; is extended over all possible positions
of E; in %#*. Note, however, that x(4 N E;) =0 if A NE; =0. The
differential dE,, the so-called ‘‘kinematic density of E,”’, indicates how, in
fact, the process of integration has to be carried out. (We have dE; = dE,;dE;,
where dE,; is the point density (volume element) in a plane E,_; totally
orthogonal to E;, and dF,; denotes the density with respect to the group of
rotations (for details see [8, pp. 227, 240]). The fundamental characteristics
are of special importance since, for every 4 € /%, the following relations
hold:

(M) Wo(d) = V(4), kWi(4) = F(4), kWia(4) = N(4).

Here 7 (A4) denotes the volume, F(4) the surface area, and N(4) the norm
of A. For the dimensions &k = 1, 2, and 3, the functions W, are related to
well-known geometrical quantities which we quote from [8, p. 210]:

(a) k =1 (4: linear segment): Wy(4) = V(4) = s(4),
length of segment, Wi(4) = wix(4),
) (b) E =2 (A4: planar convex body): WO(A) = f(A4), planar area,
2W1(A4) = I(A) length of circumference, W2(4) = wx(4),
(c) k=3 (A4: 3-dimensional convex body): Wy(4) = V(4), volume,
3W1(4) = F(A) surface area,
3W2(4) = M(A) integral of mean curvature, W3(4) = wsx(4).

It may be useful to remark that most of the results derived in what follows
remain valid for many sets which are not convex. With suitable modifications,
our investigations could also be carried out within the class of so-called
“normal bodies’’, which contains the elements of .27 *; see [10].

Finally, we explain two other notations: By (,,.”.,»,) we mean the multi-

nomial coefficient

l
()\ n )\);:)\—0‘—n' i [, A, = 0, integers; Ao + ... 4+ A\, = n].
0y y Mn te e A

Furthermore, we call the function

(9) Rilxyy...,%,): = > Kop o e o Ko

1 <rp<...<vp

[xiE% [’l/'=1,...,n],V1,...,Vk€{1,...,’”}]
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the “symmetric polynomial of degree k in the variables x,”. In particular,
definition (9) implies that
n
RO(xly-- -:xn): = 1) Rl(x17~'- 1xn) =leiy
i=
and

n
Rn(xly cee yxn) = I_Il X
i—

2. Multiple kinematic and rotational integrals. For our purpose we
need a generalization of the following two systems of formulae which are of
great importance for the theory of integral geometry:

Cx

(10) H[4., A1] = IWM(AO M A1) dA, = —g Dy, Wyr(40)Wi(41)

Wi

k=0,1,...,k Ao A1 € ", with Dy, = (“) DO Onidp

N onop_pwu

(11)  W.l4o X 41]

fW#(Ao X A1) d4;

C_’Ckz_‘: <k N '“) Wi (A1) Wi (4o)

Wi \=0 A
[# = 011)"'yk;A01A1€'-Q/k]'

Relation (10) is called the “principal theorem of integral geometry’’ and is
due to Blaschke and Santal6 [8, p. 244]. It reveals an interesting relationship
between the integrals of the fundamental characteristics of the intersection
of 49 and 4: and the fundamental characteristics of these bodies. Note that
these integrals are extended over all possible positions of 4; in %#*, while
A, remains fixed, and therefore the result does not depend on the position of
Ao in X*. dA; denotes the kinematic density of A;. In a similar way, (11)
expresses a connection between the rotational integrals of the fundamental
characteristics of a convex body generated by Minkowski addition, and the
fundamental characteristics of the involved bodies [8, p. 231]. In this case,
the integration extends over all rotations of 4; around Z with fixed Ao,.
dA; designates the rotational density of A4;.

In order to obtain suitable generalizations of (10) and (11), we now allow,
not only one, but several movable convex bodies to participate in the formation
of the integrals. We therefore study the multiple integrals:

Wido Ay, ..., A= .. [ W.(doN AN ...NA4,)dA,...d4,

[:U'=071’---yk;71’=1121~--;A0yA17--'!An€Mk]y
WAoo X Auv X ... XAl =] ... [ Wa(do X 41 X ... X 4,)d4,...d4,
w=01,...,k;n=12...;A40,41,...,4, ¢ AL*.
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Using (10) and (11), we obtain the recursive formulae
(12) Wu[AO; Al) LI ’An]
"
= L3 Dau @)W oA, s, ., AL,
Wg A1=0
(13) H 4o X A1 X ... X 4,]

k—n

b —
= C_kz ( M>Wk—)q(A1)Wu+)\1[AoXA2X XAn]

Wi A1=0 A
Repeated application of (12) and (13) leads to the explicit representations:

Wdo Ay, ..., 4,] = (Zﬂ) X2* (H Daivpsi )(LIO Wx,.(Ai))

Qareeer

i
with o; = Z Apy 00 = 0,
p=1

and, after some simple transformations, we have:

(14) W,.[Ao,Al,...,A,L]=<%’°k> Z* K(Ao,...,xn;u)fIOWxi(Ai)

.....

with

1 Koy« -y Maj =( # )“’" L

(15) (o “) Aoy ooy A wk_ug wx;

and
Cx n k—M* k

(16) WdeX A1 X ... X 4,] = | & Z HWH,(AD
Wy NOseeos A01 LR

The X_* in (14) and (16) is used to indicate that addltxon is extended over
all ordered (z + 1)-tuples (Ao, ..., \,) of non-negative integers satisfying

the additional condition Y71 A; = s. As we see, it is also possible to represent
the multiple kinematic and rotational integrals by the fundamental
characteristics of the involved convex bodies. (14) and (16) are generalizations
of (10) and (11) since we obtain the latter relations from the former by
putting # = 1. In the special case & = 3, a derivation of (14) has been given
by Santalé [14, pp. 32 ff.]. The corresponding formula for 2 = 2 may be
found in [1, § 23; 13, pp. 231 ff.]. Finally, we would mention that (14) and
(16) assume special simple forms in the following cases:

WO[AOy Alr e yAn] = Ckng V(Ai)y
Wildo X A1 X ... X 4A,] = wer” [A;#0,1=0,1,...,n],
Wialdo X A1 X ... X 4,] = Ckn; Wia(45).

The last result may be deduced directly from the well-known linearity of the
norm with respect to Minkowski addition.
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3. Mean-value formulae for randomly generated sets. Given the
convex bodies 4;[¢ = 0, ..., n], the fundamental characteristics of the sets
AN AN ...MNA4,and 49 X 4; X ... X A4, depend only on the position
of the generating convex bodies 4 ;. Using (14) and (16), we readily obtain
statements about the mean values, W,(d,NA;MN...NA4,) and
W.(dy X A1 X ... X 4,), of the fundamental characteristics

W.(doN AN ...N4,) and Wa(do X A1 X ... X A,).

In a typical probabilistic application, we assume the convex bodies
A; [t =1,...,n] to be in random position in #*. The fundamental charac-
teristic of N7=0 A; may then be interpreted as random variables. In the
following, we calculate the expectations of these random variables, having
restricted the formation of the mean to all positions of the 4; which satisfy
some condition with simple intuitive interpretation. As is usually done when
problems about geometrical probabilities occur, we assume the positions taken
into consideration to be equivalent in the probabilistic sense. (For an axiomatic
foundation of the group-invariant probability theory, see [9].)

Under the assumption that Ao A4;# @[t =1,...,n] and that the
position of 4, is kept fixed, we obtain the following formulae for the means
of the fundamental characteristics of N7—o 4 ;:

A7) W.(4eNAiN...NA4,)
fo o fWwadoNAaiN...NA)dA,...dA,

n

1T [xt40n adaa,

i=1

n -1
= w" W, [Ao, Ay, . .. ,A,,](IZI1 WA, Ai]> .

Provided that the fundamental characteristics of the generating sets 4 ; are
known, the right-hand side of (17) can easily be evaluated.

Example. (For similar problems and their practical applications, see
[12, pp. 109 ff.].) In the case £ = 1, u = 0, the convex bodies are linear segments.
We denote their lengths by s; and assume that these values are positive.

Ai=S‘iy WO(S‘t) = 54 (Si>0) [i’_‘Oy 1,...,%].

From (17) it follows that the mean length of the intersection (Mi_1.S;
(determined under equivalent consideration of all cases S; M Sy # 0@
t=1,...,n])is

o w(pa)-oas) - (T

This shows that § increases monotonically with increasing length of the
segments S; [¢ = 1,...,n]. This is also true for sy if # = 1. In the case
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n = 2, however, § assumes its maximum for s = +/(s152), provided that s;
and s, are kept fixed. More generally, we find that, for # = 2, 5 reaches its
absolute maximum with respect to s, when s, satisfies the equation

n
30_1 = Z [So + Si].—l.
i=1
Formula (17) may be used to solve many similar problems. We limit
ourselves to pointing out that the expression w; 'W;(N7=14,;) may be

interpreted as the probability that the common intersection of the # convex
bodies 4 ; hitting A, is not empty. This follows immediately from (17).

(19) Pr(AoﬂA,-;fﬂ i=1,...,0]1—> N A#@) = wk"Wk< mA,).
i=0

i=0

Applying (19) to our previously mentioned example, we see that
(20) Pr<50f\ S:#0 [t=1,...,n]—=N Si?fﬂ>
i=0

= I:Il (so + si)*li0 <s,,_11j0 si>.

In another approach to the problem of finding meaningful mean values, we
may take into consideration only those positions with N7_q 4; = @. Instead
of (17), we then obtain the modified values

f...fW,‘<mA¢>dA1...dA,,
i=0

[...] x( QOAi>dA1...dA,L

= oW Ao, ..., AN I (Ao, ..., 4D

A7) WFANAiN...N4,) =

This system of formulae is only of interest for u # k; since u = k yields the
trivial result W* = o.

Relation (16) is also useful for calculations of expectations. Especially
interesting are the results obtained by extending the integration over all
relative positions of 4;, ..., 4, (similar types of expectations are discussed
in [4]). In order to avoid degenerate cases, we assume in the following that
none of the considered sets is empty. Under this restriction, we obtain:

(1) Wi(doX A1 X ... X 4,)

WMo X A1 X ... X 4,) ddAy ... d4A,
[oof x(oeX A1 X ... X 4,)dd,...d4,
_ oW (Ao X ... X4,) 1

Wido X XAy —of ViAo X A X X Al
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Because of (16), this is equivalent to

k—p

(21,) Wn(AO XA41X...X An) = 2* <>\0 M)\ ) I;Io Wk—)\y(Ay)-
In particular, we find for p = k and p = & — 1 the simple representations:

Wi(do X A1 X ... X Ay) = oy,

Wi1(Aog X A1 X ... X 4,) = 2_:,) Wi-1(44).

The results discussed in this section may serve to yield statements of a purely
geometrical nature. A simple consequence of (17’) and (21) is, for instance,
that it is possible to arrange # + 1 convex bodies with prescribed fundamental
characteristics W,(4,) in such a way in %#* that

Wp< N A¢> = Wﬁ( N Ai)
=0 =0

WadoX A1 X ... X A4,) Z WAoo X A1 X ... X 4,),

respectively.

Inequalities of similar form have often been applied with success (see for
instance [2]).

It may be helpful sometimes to know estimates in simple form for the
mean values. One way to obtain suitable inequalities is to take advantage of
the inequalities of Minkowski which indicate limits for the fundamental
characteristics. For 4, £ @ and \, = 0, 1, ... &, the following relations hold
(see [8, p. 278]):

wpEEVNE(AL) = Wi, (4)) S o WM (4y).

and

If we substitute this, for instance, in (21’) we obtain the double inequality:

T Z* <>\0, ! >H VM (A,) £ Wa(do X ... X 4y),

v=0

.....

Mx) Wit (4,).

..... AR ]

Finally, we would like to mention that, by a well-known procedure [5], it is
possible to obtain from (14) mean-value formulae related to a lattice of
convex point-sets.

4. Rotational means of the fundamental characteristics of a
zonotope. A zonotope in #* may be represented by # linear segments in
the following way;

T=5X...XS, (see [3, p. 323]).
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For fixed lengths s, of the segments .S;, the quantities W,(T") depend only on

the directions of the generating edges. The expectation W,(T) with respect
to all combinations of directions is, according to (21) and (21'), given by:

Wu(T) = Wu(S1 X ... X S,) = ,,_1 WSt X Se X ... X S,]

= ( N WS,
_wn—l)\ Ay ooy Ay = (S5).

A short calculation shows that

(22) Wi(S:) = wp, Wii(Sy) = w}:l so Wu(Si)=0 [r=0,...,k—2].

Therefore, we obtain:
W.(T)=0 0=<u<k—n]

(23)
W,(T) = (ikw”a), G B o is) ez k—mand0<u < k.

The polynomials R;_,(s1, . . ., S,), appearing in this formula, are the functions
defined by (9). In the special case » = k, the zonotope is sometimes called
parallelotope [8, p. 16]. (23) shows, for instance, that the rotational mean
V(T") of a k-dimensional parallelotope with lengths of edges s; [z = 1, ..., k]
differs only by a multiplicative constant g(k) from the volume of the
corresponding orthogonal parallelotope having edges of the same length s,.
Note that g(k) depends exclusively on k. We see that

k
Wo(T) = V() = gk), Ry, ...,s) = g(k)I:Ilsi.
The factor g(k) is given by

_ Rlod' __ R[TGE+ DI
(24) ¢ = ¥ T FIGH 1) + DF

For k = 1, 2, 3, this quantity assumes the values

g1y =1, g@2)=2/=, g@B)==/8.

5. Probabilities for agglomerations in the k-dimensional Euclidean
space. In this section we derive probabilistic statements concerning
agglomerations of planes (linear subspaces) which all intersect a given convex
set. Such questions have been studied in [11] in the special case 3. In the
following, some of these problems are investigated for a Euclidean space
with arbitrary dimension k.

We assume that B € &% and B # 0. We let E,0, ..., E® denote n
arbitrary I-dimensional planes in #*, subjected to the restriction that they
have a point in common with B,sothat EX* YB # 0 [i = 1,...,n].
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Provided that the expression

pi: = inf(t; I KM KM CBEPNK®#£O[r=1,...,n])
[k=1,2...51=1,...,k]

exists, we denote the so-defined number by p; and call it “agglomeration
radius of the planes E;(? with respect to B"'. It is important to note that, by
characterizing p;, we require only that a ball K,®, with the specified properties,
exists; in particular, we do not prescribe the position of K,® within B. The
quantity p; may be considered as a measure for the local density of the planes
within B, and hence comparatively small values of p; indicate special bundling
effects.

We now assume the positions of the planes E,(? in %#* (except for the
conditional restriction E,® M B # @) to be random in the sense of the
theory of geometrical probabilities. This implies that the construction of the
underlying measure for the possibilities of position of the E, has to be
based on the kinematic densities dE,?. When p; exists and does not exceed
7, where 7 is a fixed number in the interval [0, 5] (rp is the radius of the
greatest ball contained in B), we say that the planes E,(? are bundled by a
ball of radius » with respect to B. We devote the end of this article to the
proof that the probability for the occurrence of this event is given by:

Pr(p;=7)=Pr(E°NB=0 [i=1,...,n]
—-3IKP CBEPNK® %0 [i=1,...,1]),

n -1
_ 7,(n—l)k—nl|: <lk> kal(B)n:I . Q(r; k, n, ly B)

(25)
with
Q(r;k,m1,B) = )Z*;“f*”(zc(xo,...,xn;k)[nl< ] fﬂWM(B_,)r“)
Qyeeey n i=
k=1,2,...;51=0,...,k;n=1,2,...;BEAL" B#0;0<r <1z

The Y *%—4 in (25) indicates that addition has to be extended over all
(n + 1)-tuples of non-negative integers (\o, . . ., A,) with the properties

Z;)M=k Dy e M <k —1]
i—

(no further restriction is made about \o). The constants wyand K (), . . ., \,; &)
are defined by (1) and (15). We notice that the agglomeration probabilities
Pr(p; < r) are simple functions of the chosen level 7, the numbers of dimension
k and [/, and the number # of planes taken into consideration. It is especially
worthwhile to observe that the dependence on the set B appears only indirectly
in the formula by means of the fundamental characteristics of B and B_,.
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Some simple special cases of (25) are:

I =0:Pr(pp =7)
k
S* ,1(K(>\0, o M B) Wi (BL)P)

1
NOseees An

— r W (BYT

(agglomeration of points)
and

= b Pr(p < r) = WelBr) _

Wi

1 [0 Sr =gl
(agglomeration of the total space).

The distribution (25) may be used in practical experiments in order to help
decide whether the hypothesis that the planes are distributed uniformly at
random in Z* is reasonable or not.

Proof of (25). Since the ideas of the reasoning essentially follow the pattern
of the deduction in the previously investigated case & = 3, we give only the
main steps of the proof and refer to [11] for further details. In order to be
able to apply the results (10) and (14) for the evaluation of the required
agglomeration probabilities, we have to represent the relevant random events
as intersections of suitably chosen convex bodies. This can be done in the
following way (the symbol ~ is used to denote congruence):

Ao = B_,, 40" = B,
A;~4 =E, XK,® AFf~E, = lim 4*(R)
R
(26)
=limA®R) [i=1,...,n] i=1,...,n)
R
with 4(R) = Kz? X K,®, with 4*(R) = K.
A simple argument shows that
(27) Pr(Plé”)=Pr<Ai*on*?£ﬂ—->mAt#ﬂ>.
i=0
Therefore
Pr(p; = 7)
_ limf o x(AoN AR N L N A (R)) dAL(R) . . . dA,(R)
Roeo [ x4 N A*(R)) d4* (R)]"
(28) or

-1 n ® m @)
< — 1 Wr Wk[B-r,KR X K, y oo !KR X KT ]
Pr(py < 7) = m o " W AlB, Kn )" ‘
Thus, using (6) and (26), we have found an expression for Pr(p; < r) in

terms of the multiple kinematic integrals discussed in § 2. In order to actually
be able to take the limit R — o0, we need explicit expressions for the
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k-dimensional fundamental characteristics of Kz» and Kz X K,®., A
standard calculation leads to the auxiliary formulae

Iz o
—F—R =k -1,
<l b—1) oo, 2R

£ O
n ®y IV
(80) WuKz" X K,%) = m=max(20,lc—l—ﬂ) <l m k=1

w W Fo— p—
X rHm&r R W mrm.
Oputm—(x—1)

(29) Wu(Kz'") = {

We now substitute these data in (10) and (14), and hence reach the following
representation for the numerator and denominator of (28):

wk_IWk[B—n KR(l) X Kr(k)y LRI :KR(Z) X Kr(k)]

-1 n
- wk—1<<;€> k23 wzwk—z> r(n—l)k—nl < Z*[k l]K()\ , k)

W S U N Ay

X [ﬁ (k _l M):Ion(B—r)Tk")R”' +o(R"Y [R—>w],

=1
wi "(Wi[B, K" = (wk_lckwlwk—lWl(B))anl + o(R™) [R— ]

From this, we obtain (25) by forming the quotient and taking the limit as
prescribed in (28).

For practical applications, the agglomeration probabilities related to the
one-dimensional, two-dimensional, and three-dimensional case may be
especially useful. For 2 = 3, one obtains from (25) the results derived in [11].
We conclude this article by giving a survey of the results in the cases 2 = 1
and k& = 2.

The case k = 1.1 = 0: agglomeration of points in #:

B=S, WoB) =s, WiB)= C(B) . C(B) = 4rx(B),

®1) Pr(oo 5 1) = 21— [ V@) + EE=) ]

Therefore the probability that # points chosen at random in a segment of
length s lie in a segment of length ¢ is

. ‘ n n—1
(32) (- n)(f) = n@ [t < sl.
Similar formulae and their connection to the Poisson distribution are compiled
n [16].
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The case k = 2.1 = 0: agglomeration of points in %2:

Wo(B) = f(B), Wi(B) = §l(B), Wi(B) = iC(B), C(B) = 4rx(B),
33) Pr(po = 7) = %ﬁ]—; [7*f(B-) 4+ nl(B_)r + 1C(B_)r"].

I = 1: agglomeration of straight lines in %#2:

(271')”_17’”—2

(34) Pr(p=7r) = BT [(g)f(B—r) + <7>Z(B—r)7 + %C(B—r)r{l .
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