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Abstract. For a subshift (X,ox) and a subadditive sequence F = {log f,,}°,
on X, we study equivalent conditions for the existence of & € C(X) such that
lim,— o (1/n) [log fu du = [ hdp for every invariant measure p on X. For this
purpose, we first we study necessary and sufficient conditions for 7 to be an asymptotically
additive sequence in terms of certain properties for periodic points. For a factor map = :
X — Y, where (X, oy) is an irreducible shift of finite type and (Y, oy) is a subshift, apply-
ing our results and the results obtained by Cuneo [Additive, almost additive and asymp-
totically additive potential sequences are equivalent. Comm. Math. Phys. 37 (3) (2020),
2579-2595] on asymptotically additive sequences, we study the existence of 4 with regard
to a subadditive sequence associated to a relative pressure function. This leads to a char-
acterization of the existence of a certain type of continuous compensation function for a
factor map between subshifts. As an application, we study the projection 7 i of an invariant
weak Gibbs measure p for a continuous function on an irreducible shift of finite type.
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1. Introduction

The thermodynamic formalism for sequences of continuous functions generalizes the
formalism for continuous functions and has been applied to solve some dimension
problems in non-conformal dynamical systems. The equilibrium states for sequences of
continuous functions are the equilibrium states for Borel measurable functions in general.
In [10] Falconer introduced the thermodynamic formalism for subadditive sequences to
study repellers of non-conformal transformations. Cao, Feng and Huang in [6] established
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the theory for subadditive sequences wherein the variational principle was obtained for
compact dynamical systems. Asymptotically additive sequences, which generalize the
almost additive sequences studied by Barreira [2] and Mummert [18], were also introduced
by Feng and Huang [13]. The properties of equilibrium states for sequences of continuous
functions, such as uniqueness, the (generalized) Gibbs property and mixing properties,
have been also studied (see, for example, [2, 12, 18]). Here, a natural question arises.

Question 1. Given a subadditive sequence ¥ = {log f,},2 | on a compact metric space X,
what are necessary and sufficient conditions for the existence of a continuous function A
on X such that

1
lim —/logfnd,uthdu @))
n—-oo n
for every invariant Borel probability measure p on X?

If such an £ exists, then the thermodynamic formalism for such sequences ¥ reduces to
the formalism for continuous functions. Cuneo [9, Theorem 1.2] proved that if a sequence
of continuous functions is asymptotically additive (see (4) for the definition), then there
always exists 1 € C(X) satisfying (1) for every invariant measure i on X. In this paper,
we study necessary conditions for a subadditive sequence ¥ on an irreducible subshift
(X, ox) to have a continuous function 2 € C(X) satisfying (1) for every invariant measure
wn on X. Using our results and the result obtained by Cuneo [9, Theorem 1.2], we give
some answers to Question 1 (Theorems 4.3, 6.9 and 7.8). Towards this end, we first
study conditions for a subadditive sequence on a subshift to be an asymptotically additive
sequence in terms of certain properties for periodic points. Given a subadditive sequence
F = {log fu};2, on X, if (1) holds for every invariant Borel probability measure x on X,
then the sequence F= {(1/n) log(f,/ eS"h)}flo=1 converges (pointwise) to the zero function
0 for every periodic point of oy (see Proposition 3.1). We show in Theorems 4.3 and 4.4
that if the sequence F converges (pointwise) to 0 for every periodic point of ox and ¥
satisfies a particular property for certain periodic points then F converges to 0 everywhere;
moreover, it converges uniformly to 0 on X. This gives the asymptotic additivity of 7. We
apply Theorem 4.3 when we study Question 1 with regard to a relative pressure function of
a continuous function (Theorems 6.9 and 7.8). In Proposition 3.1, Question 1 is studied in
a general form. Note that subadditive sequences are not asymptotically additive in general
(see Example 7.2 in §7).

In §6, we consider relative pressure functions in relation to compensation functions. Let
(X, 0x), (Y, oy) be subshifts and ¥ : X — Y be a factor map. Let f € C(X),n € Nand
6 > 0.Foreach y € Y, define

P,(ox,m, f,8)(y) = sup { Z BN - F s an (n, 8) separated subset of n_l({y})},

xeE

: 1
P(ox, 7, f,8)(y) =lim sup —log Py(ox, 7, f, 8)(y),

n—oo N

Plox,m, f)(y) = lim P(ox. 7, f.8)(y).
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The function P(ox, w, f): Y — R is the relative pressure function of f € C(X) with
respect to (ox, oy, w). In general it is merely Borel measurable. In Theorem 6.9, for
an irreducible shift of finite type (X, ox), we study equivalent conditions for a relative
pressure function P(ox, w, f) on Y to have a function 4 € C(Y) such that

/P(ax,rr,f) du:/hdu forevery u € M(Y, oy) 2)

where M (Y, oy) is the set of invariant Borel probability measures on Y. In general,
a relative pressure function P(oy,w, f) is represented by a subadditive sequence
G = {log g,,}fjozl of continuous functions on Y (see (32) for g,), that is, P(ox, w, f) =
lim,,_, 5 (1/n) log g, almost everywhere with respect to every u € M(Y,oy). The
sequence G satisfies an additional condition (see (D2) in §2.2) weaker than almost
additivity and it is not asymptotically additive in general. We prove that the subadditive
sequence G on Y associated to P(oy, w, f) satisfies the particular property for certain
periodic points in Lemma 4.1(ii). Applying Theorem 4.3, we obtain in Theorem 6.9
that, for 4 € C(Y), uniform convergence of G= {(1/n) log(gn/es"h)};'li1 to 0O on Y is
equivalent to pointwise convergence of G to 0 for every periodic point of oy. In particular,
we obtain that (2) holds if and only if the sequence G associated to P(ox, w, f) is
asymptotically additive. Moreover, if there exists an invariant weak Gibbs measure m for
f € C(X), then (2) holds if and only if 7m is an invariant weak Gibbs measure for some
continuous function on Y (Theorem 7.8). The properties of the sequence G associated to
P(ox, m, f) under the existence of & in (2) are studied and a condition of non-existence
of such a continuous function is also studied (Corollary 6.11). These results are applied
directly to study the projection of an invariant weak Gibbs measure for a continuous
function on X in §7 (see Theorem 7.6 and Corollary 7.9). Note that in general if there
exists an invariant weak Gibbs measure m for f € C(X), then mm is a weak Gibbs
equilibrium state for the subadditive sequence G associated to P(ox, 7w, f).

On the other hand, relative pressure functions are connected with compensation
functions. Given f € C(X), Theorem 6.9 relates the question on the existence of / in (2)
with the existence of a compensation function f — & o  for some h € C(Y). A function
F € C(X) is a compensation function for a factor map = if

sup {hu(UX) +/ F du + / ¢pom d,u} = sup {hv(dy) + / ¢ dv} 3)
neM(X,ox) veM(Y,oy)
forevery p e C(Y).If F=Gom, G € C(Y), then G o is a saturated compensation
function. The concept of compensation functions was introduced by Boyle and Tuncel
[5], and their properties were studied by Walters [28] in relation to relative pressure. The
existence of compensation functions has been studied [1, 24-26]. Shin [25, 26] proved that
a saturated compensation function does not always exist and gave a characterization for the
existence of a saturated compensation function for factor maps between shifts of finite type.
A function —h o w € C(X) is a saturated compensation function if and only if (2) holds for
f = 0. Our results connect the result obtained by Shin with the asymptotic additivity of the
sequence associated to P (o, , 0) (see Remark 6.10 and Corollary 7.1). Since saturated
compensation functions were applied to study the measures of full Hausdorff dimension

https://doi.org/10.1017/etds.2022.30 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2022.30

2114 Y. Yayama

of non-conformal repellers, studying the properties of equilibrium states for 4 in (2) would
help in the further study of certain dimension problems (see Example 7.4).

Section 5 deals with a particular class of subadditive sequences on subshifts satisfying
an additional property (see condition (C2)) weaker than almost additivity but stronger than
(D2). The result of Feng [12, Theorem 5.5] implies that there is a unique (generalized)
Gibbs equilibrium state for a subadditive sequence with bounded variation satisfying
property (C2). We study equivalent conditions for this type of sequence ¥ = {log f,}72
on a subshift X to have a continuous function for which the unique Gibbs equilibrium state
is a weak Gibbs measure (Theorem 5.1). In this case, we obtain that for 4 € C(X) uniform
convergence of the sequence of functions {(1/n) log(f,/ eS"h)},‘;O: | to 0 on X is equivalent
to pointwise convergence of the sequence to 0 on X. We note that it is not clear that the
condition for certain periodic points in Theorem 4.4(ii) is satisfied for this type of sequence
in general.

2. Background

2.1. Shift spaces. 'We give a brief summary of the basic definitions in symbolic dynam-
ics. (X, oy) is a one-sided subshift if X is a closed shift-invariant subset of {1, . . ., k}" for
some k > 1, that is, ox(X) C X, where the shift ox : X — X is defined by (ox(x)); =
Xi4q foralli e N, x = (xn);'lo:1 € X. Define a metric d on X by d(x, x') = 1/2]‘ if x; = x;
forall I <i <kandxgq1 # x'kq1,d(x, x") = 1if x; # x{, and d(x, x") = 0 otherwise.
Throughout this paper, we consider one-sided subshifts. Define a cylinder set [x; . . . x,] of
length nin X by [x1 ... x,] = {(zl-);?il €eX:zi=x;foralll <i <n}. Foreachn e N,
denote by B, (X) the set of all n-blocks that appear in points in X. Define Bo(X) = {e€},
where € is the empty word of length 0. The language of X is the set B(X) = (J°2, B (X).
A subshift (X, ox) is irreducible if for any allowable words u, v € B(X), there exists
w € B(X) such that uwv € B(X). A subshift has the weak specification property if there
exists p € N such that for any allowable words u, v € B(X), there exist 0 < k < p and
w € By (X) such that uwv € B(X). We call such p a weak specification number. A point
x € X is a periodic point of oy if there exists [ € N such that ag( (x) ==x.

Let (X, 0x) and (Y, oy) be subshifts. A shift of finite type (X, ox) is one-step if
there exists a set F' of forbidden blocks of length less than or equal to 2 such that
X ={xe{l,..., kN : @ does not appear in x forany w € F}. Amap 7 :X — Y is a
factor map if it is continuous, surjective and satisfies 7 o ox = oy o &. If, in addition,
the ith position of the image of x under = depends only on x;, then 7 is a one-block factor
map. Throughout the paper we assume that a shift of finite type (X, ox) is one-step and
7 is a one-block factor map. Denote by M (X, ox) the collection of all oy -invariant Borel
probability measures on X and by Erg(X, o) all ergodic members of M (X, o).

2.2. Sequences of continuous functions. We give a brief summary on the basic results
on the sequences of continuous functions considered in this paper. Let (X, ox) be a
subshift on finitely many symbols. For each n € N, let f, : X — R be a continuous
function. A sequence ¥ = {log f,,}°2, is almost additive if there exists a constant C > 0

such that =€ £, (x) fu (0%X) < faim(x) < € f(x) fin (o). Inparticular, if C = 0, then
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¥ is additive. The thermodynamic formalism for almost additive sequences was studied
in Barrera [2] and Mummert [18]. More generally, Feng and Huang [13] introduced
asymptotically additive sequences which generalize almost additive sequences. A sequence
F = {log fu}o2, is asymptotically additive on X if for every € > 0 there exists a continuous
function p, such that

. 1
lim sup —|llog f — Sppello < €, 4)

n—oo N

where ||-||co is the supremum norm and (S, p¢)(x) = Z::ol pe(ol(x)) for each x € X.

A sequence F = {log f,}°2, is subadditive if F satisfies fu 1, (x) < fu(x) fin(0yx).
The thermodynamic formalism for subadditive sequences was studied by Cao, Feng and
Huang [6].

We assume certain regularity conditions on sequences. A sequence ¥ = {log f,,}°

has bounded variation if there exists M € R™ such that sup{M,, : n € N} < M where

Sn(x) .
)

More generally, if lim,,_, oo (1/n) log M,, = 0, then we say that ¥ has tempered variation.
Without loss of generality, we assume M, < M, foralln € N.

A function f € C(X) belongs to the Bowen class if the sequence ¥ formed by setting
fn = ¢5(f) has bounded variation [29]. A function of summable variation belongs to the
Bowen class. In this paper, we consider the sequences ¥ satisfying the following properties.
(C1) The sequence ¥’ := {log(fnec)}f;o:l is subadditive for some C > 0.

(C2) Thereexist p € Nand D > 0 such that, given any u € B, (X), v € B, (X),n,m €
N, there exist 0 < k < p and w € By (X) such that uwv € B4, (X) and

ansup{ x,yeX,xizy,-forlgifn}. 5

sup{ fnam+k(x) : x € [uwv]} > D sup{f,(x) : x € [u]} sup{fn(x) : x € [v]}.

More generally, we have the following property.
(D2) There exist p € N and a positive sequence {D,, ,}(n,m)eNxN such that, given any
u € By(X),v e B,(X),n,m € N, thereexist 0 < k < pand w € By (X) such that
uwv € By4,4x(X) and

SUp{ fram4k(x) : x € [uwvl} = Dy sup{ f(x) : x € [ul} sup{fin(x) : x € [v]},

where lim,_,+(1/n) log D, ,, = lim,,_, 5 (1/m) log D, ,, = 0. Without loss of
generality, we assume that Dy, ;,, > Dy, ;1 and Dy > Dyy1 -

Remark 2.1. A sequence ¥ = {log f,};° | satisfying (C1) is not always asymptotically
additive (see §7). Condition (C2) was introduced by Feng [11] where the thermodynamic
formalism of products of matrices was studied. The sequences satisfying (C1) and (C2)
with bounded variation generalize almost additive sequences with bounded variation on
subshifts with the weak specification property and have been applied to solve questions
concerning the Hausdorff dimensions of non-conformal repellers [12, 31]. See [14, 15] for
the non-compact case. We will study the sequences satisfying (C1) and (D2) in §§6 and 7.
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Let (X, ox) be a subshift and ¥ = {log f,,},2 | be a subadditive sequence of continuous
functions on X. For each n € N, define

P,(F,8) = sup { Z fa(x) : E is an (n, §) separated subset of X}.

xeE
The fopological pressure for F is defined by
1
P(F) = Slim lim sup — log P, (7, §). (6)

-0 p—soco0 N

THEOREM 2.2. [6] Let (X, ox) be a subshift and ¥ = {log fu},2 | be a subadditive
sequence on X. Then

1
P(F) = sup {hM(X)~|— lim — [ log 15 dp,}. @)
neM(X,ox) n—oeen
A measure m € M (X, ox) is an equilibrium state for ¥ if the supremum in (7) is
attained at m.

Definition 2.3. Let (X, ox) be a subshift and = {log f,,}7> ; be a subadditive sequence
on X satisfying P(F ) # —oo. A measure i € M (X, ox) is a weak Gibbs measure for
if there exists C,, > 0 such that

b - wlxy ... xql
Cy @_nP(T)fn(x)

where lim,,_, o (1/n) log C, = 0, for every x € X and n € N. If there exists C > 0 such
that C = C, for all n € N, then u is a Gibbs measure.

n

If 1 is an invariant weak Gibbs measure for a subadditive sequence 7, then it is an
equilibrium state for 7. The result of Feng [12, Theorem 5.5] implies the uniqueness of
equilibrium states for a class of sequences satisfying (C1) and (C2).

THEOREM 2.4. [12] Let (X, 0x) be a subshift and F = {log f,}°2, be a sequence on X
satisfying (C1) and (C2) with bounded variation. Then there is a unique invariant Gibbs
measure for F and it is the unique equilibrium state for F.

Cuneo [9] showed that finding equilibrium states for asymptotically additive sequences
is equivalent to that for continuous functions.

THEOREM 2.5. (Special case of [9, Theorem 1.2]) Let (X, ox) be a subshift and F =
{log fu}o2, be an asymptotically additive sequence on X. Then there exists f € C(X)
such that

. 1
lim —|llog f — Sy flleoc = 0. ()
n—oo n

Hence, if # is asymptotically additive, then there exists f € C(X) such that
lim,, oo (1/n) [log fr du = [f du for every p € M(X, ox). It is clear that (8) implies
that ¥ is asymptotically additive.
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3. Subadditive sequences

In this section, we consider Question 1 from §1. Proposition 3.1 is valid for the case
when X is a compact metric space and 7' : X — X is a continuous transformation of X.
Proposition 3.1 will be applied in the next sections.

PROPOSITION 3.1. Let (X, ox) be a subshift and F = {log f,,}7° | a subadditive sequence
on X. For h € C(X), the following conditions are equivalent.

1)
o1
lim —/logfndpL:/hd/L
n—>o00 n
for every u € M(X, ox).
(i)
o1
lim —/logfndpL:/hdu
n—oo n
for every u € Erg(X, ox).
(iii)

. 1 fn(x)
im - log <e(s,,h)(x> =0

w-almost everywhere on X, for every u € Erg(X, ox).

Remark 3.2. Proposition 3.1 holds for a sequence ¥ satisfying (Cl) because
{log(ecfn)}flo=1 is a subadditive sequence.

Proof. 1t is clear that (i) implies (ii). By the ergodic decomposition (see [13, Proposition
A.1(c)]), (i) implies (i). Now we assume that (ii) holds. For a measure u € Erg(X, ox),

we obtain
.1 Jn
Jm / log (e<s—h>> dp = 0.

To see that this implies (iii), define r,(x) := f,,(x)/e(s’lh)(x). Then logr, € Li(w)
and {logr,}>°, is a subadditive sequence of continuous functions on X. Since u
is an ergodic measure, by Kingman’s subadditive ergodic theorem, we obtain that
lim,— oo (1/n) log r,(x) = lim,_, oo (1/7) f log r;, diu = Ope-almost everywhere on X.
Now we assume that (iii) holds. Given u € Erg(X, ox), applying the subadditive ergodic

theorem to the sequence {log r,,}7° |,

o AV fu
/nlinéo , log <e<snh)> dup = lim - / log <e<snh) du

1
= lim (—/logfndu—/hdu)
n—oo \ n

Hence, we obtain (ii). O]

we obtain
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4. Subadditive sequences which are asymptotically additive

Subadditive sequences are not always asymptotically additive. In this section we study
a class of subadditive sequences on shift spaces (compact spaces) which are also
asymptotically additive. The goal of this section is to characterize such sequences using a
particular property for periodic points. The results in this section are applied in §§6 and 7
to study relative pressure functions.

LEMMA 4.1. Let (X, ox) be a subshift and F = {log f,},° | be a sequence on X satisfying
(C1) with tempered variation. Suppose that F satisfies the following two conditions (i)
and (ii).

(1) There exists h € C(X) such that

. Jn(x)
Jim - log (m =0
for every periodic point x € X.
(i)  There exist k, N € N and a sequence {My};° | of positive real numbers satisfying
lim,,_, o (1/n) log M, = 0 such that, for given any u € B,(X),n > N, there exist
0 <g <kandw e By(X) such that z := (uw)® is a point in X satisfying

Fintq)(@) = (My sup{f(x) : x € [u]})! )

forevery j € N.

Then F is an asymptotically additive sequence on X.

Remark 4.2. Let (X, ox) be an irreducible shift of finite type and k be a weak specification
number. Then for each u € B, (X) there exist 0 < ¢ <k and w € B;(X) such that
uw)*® € X.

Proof. Suppose that (i) and (ii) hold. We will show that

.1 Jn
Let k, M,,, N be defined as in (ii). For h € C(X), let
i o (Su)(x) / .
Mn :ZSUP{WZX[ZXI-,ISISH} (11)

for each n € N and Cj, := maxo<;<x{(S;h)(x) : x € X}, where (Sph)(x) := 1 for every
x € X.Lete > 0. Take N1 € N large enough so that

1 1
—| log(MfeC")| <€, —|logM,| <€ and
n n

> —

n+k 2

for all n > N;. Let N = max{N, N} and let n > N,. Then, for x| ... x, € B, (X),
there exists w € B, (X), 0 < g < k, such that y* := (x1, ..., Xy, w)>® € X satisfying (9).
Since y* is a periodic point, (i) implies that there exists N (y*) € N such that

110 fiy®)
E\ 2Em0om

i

< €
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foralli > N(y*). Take j > N(y*). By (ii), for z € [x] . . . x,], we obtain

1 Fiontg ) 1 Mifu@
€> - log ol log
jn+ q) e(Sj(nJrq)h)(y ) jn+ q) M’ﬁlg(snh)(l)ech

fa(2)
g EM T T (e“n’”(z)) Tt

1 fu @) n 1 fu (@)
> —2¢ + s log (e(th)(z)> > —2¢ + . (; log <—e(th)(z) .

Without loss of generality assume (1/n) log(f,(z)/e®"™@) > 0. Hence, for
any xy...x, € B,(X),n > Ny, z €[x1...x,], we obtain that (1/n)log(f,(z)/
e(th)(z)) < 6e.

Next we show that there exists N’ € N such that, for all z € [x],...,x,],n > N/,
(1/n) log(f,(2) /e @)Yy 5 _4e. Since F has tempered variation, for each n € N, let
M7 = sup{ f,, (x)/fu(x") : x; = x,1<i f_n}. Let Cg:= maxo<j<k{fi(x):x € X},
where fo(x) :=1 for every x € X, and Cp, := ming<;<x{(Sih)(x) : x € X}. Let C be
defined as in (C1). Take N3 € N large enough so that

log(Mj/e")

1 —
1 log(MT M Cre=Cr*2C) < ¢ and ——— > ~
n n -+

for all n > N3. Since F satisfies (C1), we obtain that

fintg®) _ (CrMpe*® suplfu(y) 1y €l ... xal})’
eSimtoM (™) = eCn sup{eSHO) 1y e [x1 ... x,])

- Cng,’_;M,TeZC @Y

- eCnt(Suh) (@) ’

where in the last inequality z is a point from the cylinder set [x ... x,]. Hence, for
Jj > NG5,
. *
—e < — og f/fn+q)(y 3
j(n + q) e(S/(nJrq)h)(y )

1 1 Jn(2)
n—+ q g(th)(Z)

1 fn(Z)
ntgq log <e<snh><z>> te
n 1 fa(2)
= s (; log (—e(th)(z)>> + €.

Without loss of generality assume (1/n) log(f, (z)/eSnM@Y < 0. Forall z € [x . ..x,],
n > N3, we obtain that (1/n) log(f, (z)/eSnM@)) > _4¢. Hence, we obtain (10). O]

A

1 _
1 M‘FMhC —Cp+2C
>+n+q og(M, M, Cre )

A

By Lemma 4.1, we obtain some conditions for a sequence ¥ satisfying (C1) to be
asymptotically additive, assuming that Lemma 4.1(ii) is satisfied.
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THEOREM 4.3. Let (X, o0x) be a subshift. Let ¥ = {log f,}>2 | be a sequence on X
satisfying (C1) with tempered variation and Lemma 4.1(ii). Then the following statements
are equivalent for h € C(X).

(1) T is asymptotically additive on X satisfying

.1 Jn
i -l log <€(S"”))Hoo =0.
(i1)
o1
lim — [ log f,du= | hdu
n—>o00 n
for every u € M(X, ox).
(iii)

. 1 Su(x) _
im - log <e(snh)<x> =0

for every periodic point x € X.

(iv)
lim L log <M> -0

n—>o0o n e(Snh)(x)

for every x € X.

Proof. The implications (i) = (ii) = (iii) are clear by applying Theorem 2.5 and
Proposition 3.1. To see (iii) = (iv) = (i) , we apply Lemma 4.1. O

In the next theorem we study an equivalent condition for a subadditive sequence ¥ to
be an asymptotically additive sequence.

THEOREM 4.4. Let (X, ox) be an irreducible shift of finite type and F = {log f,},2 | be
a sequence on X satisfying (C1) with tempered variation. Then F is asymptotically additive
on X if and only if the following two conditions hold.
(1) There exists h € C(X) such that
1
lim — log (M) =0

n—o0o n e(Snh)(x)

for every periodic point x € X.

(i) There existk € N, ¢ > 0 and a sequence {M,,}. | of positive real numbers satisfying
lim,—00(1/n) log M, = 0 such that the following property, which we refer to as
property (P), holds. For every 0 < € < 1, there exists N € N such that, given any
u € By(X),n > N, there exist 0 < q < k and w € By(X) such that z := (uw)* is
a point in X satisfying

Fintg)(@) = (Mpe™ ")/ (sup{ f(x) : x € [ul})’ (12)
forevery j € N.
Theorem 4.3 holds if we replace Lemma 4.1(ii) by condition (ii) above.
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Remark 4.5. Theorem 4.4(ii) is a generalization of Lemma 4.1(i1). If we set ¢ = 0 in (12),
we obtain (9).

Proof. Assume that # is asymptotically additive. Then (i) is obvious and for a given 0 <
€ < 1 there exists N € N such that foralln > N,

e ET S (x) falx) < e (S (x) (13)

for all x € X. Since (X, o0yx) is an irreducible shift of finite type, let kK be a weak
specification number. Then for x; ... x, € B,(X),n > N, there exists w € B;(X),0 <
g <k, such that y* := (x1, ..., x,, w)® € X. Let Cn, Mfl’ and M,Tbe defined as in the
proof of Lemma 4.1. Then forany z € [x1 ... x,], j € N,

. . ) 1 N\ /
() > eI DS jaiph 07 5 gmita)e <_e<snh)<z) ech)

Mh

n

fin+q)j

1 —2en—ke+C / J 1 —2en—k+Cy, J J
= (M_y}:e ") fi (@) = M_y}:e ") fi @)
Setting ¢ =2 and M, = e~ k+C / (MZC M,ﬁ‘), we obtain (ii). Now we show the reverse
implication. We slightly modify the proof of Lemma 4.1 by taking account of property (P).
We only consider the case when ¢ > 0. Let Cj, and M/ be defined as in the proof of Lemma
4.1.Let 0 < € < 1 be fixed. By (ii), there exists N’ € N such that

3¢
——€ <
2

_ c 1 hC n 1
= log(e™"“M,,) < _56’ ;| log(M; e*")| <€ and oy > 3
forall n > N’,0 < i < k. In the proof of Lemma 4.1, define N, := max{N, N'}. Replac-
ing M, by e "““M, in the proof of Lemma 4.1, we obtain that for any x; ... x, €
BH(X)vn Z NZ’ Z € [-xl I xn]a

1

— log (M> < (4 + 3c)e.

n o (5al) (@)

Using the latter part of the proof of Lemma 4.1, we obtain the results. O

5. Asymptotically additive sequences and subadditive sequences satisfying (C1) and (C2)
In this section, we study the sequences ¥ on subshifts X with bounded variation satisfying
(C1) and (C2). Since there exists a unique Gibbs equilibrium state m for such a sequence
¥ (Theorem 2.4), we study the condition for m to be an invariant Gibbs measure for some
continuous function. In Theorem 5.6, we also characterize the form of sequences ¥ in
terms of the properties of equilibrium states.

THEOREM 5.1. Let (X, o0x) be a subshift and F = {log f,},2, be a sequence on X
satisfying (C1) and (C2) with bounded variation. Let m be the unique invariant Gibbs
measure for F. Then the following statements are equivalent.

(i) There exists h € C(X) such that
1
lim — log (M> =0

n—oo n e(th)(x)

for every x € X.
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(i)  F is asymptotically additive on X.
(iii)  The measure m is an invariant weak Gibbs measure for a continuous function on X.

Remark 5.2.

(1) There exists a sequence # which satisfies (C1), (C2) with bounded variation
satisfying Theorem 5.1(ii). On the other hand, there exists a sequence ¥ with
bounded variation satisfying (C1) and (C2) without being asymptotically additive
(see §7).

(2) Ifh e C(X) in (i) exists, then m is a unique equilibrium state for /.

To prove Theorem 5.1, we apply the following lemmas. We continue to use ¥ and m
defined as in Theorem 5.1. In the next lemma we first study the relation between Theorem
5.1(i) and (ii).

LEMMA 5.3. Let (X, ox) be a subshift and ¥ = {log f,}° | be a sequence on X satisfying
(C1) and (C2) with bounded variation. If there exists h € C(X) such that

. 1 Jn(x)
i, 5, log (m =0 (19
for every x € X, then ¥ is asymptotically additive on X.

Remark 5.4. Lemma 5.3 implies that if  satisfies the assumptions of the lemma then

uniform convergence of the sequence of functions {1/n log( f, /e(S"h))}ff;1 is equivalent
to pointwise convergence of the sequence of functions.

Proof. Let € > 0. It is enough to show that there exists N € N such that for any

z € [u]l,u € By(X),n > N,
e e (@
N W EATES! :

Let p be defined as in (C2). Let mj, := maxoslfp{e(slh)(x) :x € X}, where (Sph)(x) :=1
for every x € X. Since & has tempered variation, let M,’Z be defined as in (11). Let M be
a constant defined as in the definition of bounded variation and D be defined as in (C2).
Then there exists N; € N such that

1 1 1 1
—logM < e, —10gMZ;<€, —llog—| <€, —|logD|<e and " > —,
n n n mp, n n+p 2

(15)

for all n > N;. Take n > N;. Condition (C2) implies that for a given u € B, (X), there
exists wy € By, (X), 0 <[ < p such that for any x € [uwiul, z € [u],

sup{ fan+1, (x) : x € [uwyul} = D(sup{f,(x) : x € [Wl)* = Df;(2).

Repeating this, given j > 2, u € B,(X), there exist allowable words w; of length /;, 1 <
i <j—1,0<1 < p,such that uwjuwou ...uw;_qu is an allowable word of length

jn 4+ Z{z_ll l; satisfying that, for any x € [uwjuwou ... uw;_ju] and z € [u],

ijn+z__,-:_l1 I (x) > SuP{fjn+Zf:‘11 I (x) :x € [uwuwou . .. uw;_jul} > Dj_lfn(z)j.
(16)
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By the additivity of the sequence {S,/}>° |,
( h)( ) . .
I < (M S @), i1 (17

Hence, by (16) and (17) we obtain for j > 2, x € [uwjuwu . .. uw;_ju] and z € [u],

S i1, (X) j—1
sl 6 f(@) s )
(Sf"'*'zjill [‘h)(x) - Mh e(snh)(z) mh M
e i=1 i
Let ¢; = [uwqul, ..., ci = [uwiuwou . .. uw;ul,i € N. Then by Cantor’s intersec-

tion theorem (), ¢; # ¥ and it consists of exactly one point in X. We call it x* € X. For
each y € X, define A, (y) := f,,(y)/e®M0) By assumption (14), there exists 7 (x*) € N,
which depends on x* such that for all i > #(x*),

1 *
—€ < - log A;i(x™) < e.
i

Letting s(u, j) := lj:_ll l;, for j > t(x*) > 2, and using (15) and (18), we obtain
! log A (x*)
e>—————1logA; i
in+ s, j) g Ajntsu,j) X
1 1 1—-1/j 1 1 1
>—————log — + —— " ——log — + —————log —
n+ (1/j)s(u, j) M n+ (1/j)su, j) mp  jn+s(u, j) M
n(j—1) 1 log D + n 1 A2,
—_—_— . — O —_—m Z
s 1 B s ) B

Without loss of generality, assume log A, (z) > 0. By a simple calculation, we obtain that
1
—log A,(2) < 10€ (19)
n

for alln > Ny, z € [u], for any u € B, (X).
Next we will show that there exists N, € N such that

1
—6€ < — log A, (2) (20)
n

foralln > N3, z € [u] forany u € B, (X). Define fy(x) := l.LetM := maxo<j<p{fi(x) :
x € X}and m := ming<g<,{eSM™ : x € X}. Take N, so that
1
> — 21)

M€2C
log< ) €,
my n+p 2

foralln > N>. Forn > N, letu € B, (X). Construct x € [uwijuws ... uw;_1ul, j > 2,
as in the above argument and let z € [u]. Using (C1), it is easy to obtain for each j > 2,

i 1 n
—| log(MM,)| <€, —

Finpyot 00 = (MY M fr(2)! (22)
and
( h)(x) (Sph) @)\ J )
+Z,j 11 > (6 Mh ) (n_11)"_1- (23)
n

https://doi.org/10.1017/etds.2022.30 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2022.30

2124 Y. Yayama

Define x* € X as before. For all j > #(x*), by using (21), (22) and (23), we obtain

n 1

————— - — log A, (2).
nr sty 0 &
Without loss of generality, assuming that log A, (z) < 0, we obtain (20) for all n > N,
each z € [u], u € B,(X). The result follows by (19) and (20). O]

—€ 0g Ajn+s(u,j)(x*) <2e+

Jjn+ s, j)

LEMMA 5.5. Under the assumptions of Theorem 5.1, F is asymptotically additive if and
only if there exists a continuous function for which m is an invariant weak Gibbs measure.

Proof. Suppose ¥ is asymptotically additive. Then by [9, Theorem 1.2] there exist i, u,, €
C(X), n €N, such that f,(x) = ¢S +ua(x) satisfying lim,— o (1/n)||un|lco = 0.
Since there exists a constant C > 0 such that

1 mlxy ... xul

Efe_’lp(f—)fn(x)i (24)

for each x € [x] . .. x,], replacing f;(x) by e )+u(X) we obtain

up (x)
Lo mlanal o < el
Cellinlle = € = g nP)FEh@®

Set A, = Cell“nll=_ Since lim,—, oo (1/n) [ log fu du = [ h du forevery p € M(X, ox),
we obtain that P(¥) = P(h). Conversely, assume that m is an invariant weak Gibbs
measure for 4 € C(X). Hence, there exists C,, > 0 such that

1 -
1o mba. W] (25)
Cp = e=nPW+(Suh)(x)
for all x € [x1 ... x,], where lim,_, 5 (1/n) log C,, = 0. Since m is the Gibbs measure
for F,
1 mxy ... x,]
— < — 26
C = e () ~ 20
for some C > 0. Using (25) and (26), we obtain
1
< Jn(x) <C,C. 27)

ChC ~ oSu(h—P(W)+PF)))(x) ~

for all x € [x1...x,]. Hence, by [9, Theorem 1.2], ¥ is an asymptotically additive
sequence. O

Proof of Theorem 5.1. By [9, Theorem 1.2], (ii) implies (i). Theorem 5.1 follows by
Lemmas 5.3 and 5.5.

THEOREM 5.6. Let (X, o0x) be a subshift and ¥ = {log f,}>° | be a sequence on X
satisfying (C1) and (C2) with bounded variation. Let m be the unique invariant Gibbs
measure for F. Suppose that one of the equivalent statements in Theorem 5.1 holds. Then
the following statements hold.
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(1)  There exits a sequence {Cp m}nmeN sSuch that

< Jntm (x)n <Cum, where lim —logCpp,u= lim — logCy,, =0.
Com — Ju(X) fn(oyx) n—00 n m—oco m

(28)
(i) If m is a Gibbs measure for a continuous function, then ¥ is an almost additive
sequence on X.

Hence, if there is no sequence {Cpm}nmeN satisfying (28), then there exists no
continuous function for which m is an invariant weak Gibbs measure.

Remark 5.7.

(1) In Example 7.2, we study a sequence which satisfies (C1) and (C2) without (28).
(2) See [3, Theorem 1.14(ii)] for the result related to (i). (ii) was also obtained in [9, §4.1]
since m satisfies the quasi-Bernoulli property (see [9]).

Proof. Let h be defined as in Theorem 5.1(i). By the proofs of Lemmas 5.3 and 5.5, we
obtain that P(F) = P (h) and m is an invariant weak Gibbs measure for 4. Replacing & by
hin (27), we obtain that

1 Songm (x) 3
< < C ' CpymCnCp. 29
C3CaCrnCrim ~ Ja () fn(ogry =~ " @)
Since lim,_,(1/n) log C, = 0, by setting C, ,, := c3c, CCrtm we obtain the first
statement. To obtain the second statement, we apply the latter part of the proof of Lemma
5.5. By replacing C,, in (25) and (27) by a constant, we obtain the second statement. The
last statement follows from Theorem 5.1. O

6. Relation between the existence of a continuous compensation function and an asymp-
totically additive sequence

In this section we consider relative pressure functions P(oy, w, f), where f € C(X).
In general we can represent P(oy,m, f) by using a subadditive sequence satisfying
(D2). What are necessary and sufficient conditions for the existence of h € C(Y)
satisfying [P (ox, 7, f) dm = [h dm for each m € M(Y, oy)? By [9, Theorem 2.1], if
P(ox, m, f) is represented by an asymptotically additive sequence then we can find such
a function k. We will study necessary conditions for the existence of such a function A
and relate them with the existence of a compensation function for a factor map between
subshifts. To this end, we will apply the results from §4. We will study the property for
periodic points from Lemma 4.1(ii).

THEOREM 6.1. (Relativized variational principle [17]) Let (X, ox) and (Y, oy) be sub-
shifts and w : X — Y be a one-block factor map. Let f € C(X). Then form € M(Y, oy),

/ P(ox. 7, f)dm = sup {hu<ox) (oY) +/ Fdu: e M(X, ox), mp = m}
(30)
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Applying the relativized variational principle, we first study Borel measurable compen-
sation functions for factor maps between subshifts.

PROPOSITION 6.2. Let (X, ox) and (Y, oy) be subshifts and w : X — Y be a one-block
factor map. For each f € C(X), f — P(ox, m, f) om is a Borel measurable compensa-
tion function for 7.

Remark 6.3. In general, f — P(ox, m, f) o m is not continuous on X.

Proof. Letm € M(Y, oy) and ¢ € C(Y). Applying Theorem 6.1, we obtain
Sup{hu(ax)—/P(ox,ﬂ,f)ondu+/fdu+/¢>o7rdu:ueM(X,Ux),nM=m}
= sup {hﬂ(ax) + /f du:pnueMX,ox), T = m}—/P(ax, w, f)dm +/¢ dm

= hm(oy) + / ¢ dm.

Taking the supremum over m € M (Y, oy), we obtain

sup {hﬂ(ax)—/P(ax,n,f)orrd,u+ffd,u+/¢ondu:ueM(X,ax)}

= sup {hm(oy)+/¢dm:meM(Y,ay)}. 31)
O
Letr : X — Y be a one-block factor map between subshifts. For y = (y;)72,, let £, (y)
be a set consisting of exactly one point from each cylinder [xg ... x,] in X such that
w(x1...Xp) =y1...yn. Forn € Nand f € C(X), define
gn(y) = sup { Yo e ’“”}. (32)
En(y) xX€E,(y)

The following result can be deduced by [12, Proposition 3.7(1)]. If (X, ox) and (Y, oy)
are subshifts and 7 : X — Y is a one-block factor map, then for f € C(X),

1
P(ox, 7, f)(y) =limsup ;00— log gx(y) (33)

n

pn-almost everywhere for every invariant Borel probability measure ¢ on Y. Equation (33)
was shown by Petersen and Shin [19] for the case when X is an irreducible shift of finite
type. The result for general subshifts is obtained by combining [12, Proposition 3.7(i)] and
the fact that P(ox, m, f)(y) <limsup,_, ., (1/n) log g,(y) for all y € Y. Note that the
function P(ox, 7, f) is bounded on Y.

LEMMA 6.4. Let (X, ox) be a subshift with the weak specification property, (Y, oy) be
a subshift and w : X — Y be a one-block factor map. If f € C(X), then the sequence
G = {log g,,},‘:o | on Y satisfies (C1) and (D2) with bounded variation.
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Remark 6.5. In particular, the sequence {log gn}floz1 on Y satisfies (C1) and (C2) with
bounded variation if f € C(X) is in the Bowen class (see [12, 14, 32]).

Proof. First we show that G = {log g,}72, satisfies (Cl). Let y = (y1, ..., Vs ..
Yntms - - .) € Y.Foreach x € E,,,(y), define Sy by Sy := {x’ € Ej1in(y) :x; =x,1<
i < n}. Take a point x* € S, such that eSn N = max{e(nN@ . 7 € §.}. Then we can
construct a set E,(y) such that x* € E,(y). In a similar manner, for each x € E,,,(y),
define Syny by Seny :={x" € Epym(y) 1 x] =x;,n+1<i <m+n} and take a point
x** € Syny such that ¢SmO = max{en @ : 7 € §,..}. Then we can construct a
set E,,(0™y) such that " x** € E,,(c"y). Hence, we obtain g,4n,(y) < g, (y)gm(c"y).
Next we show that G = {log g,,}°2 ;| satisfies (D2). We modify slightly the arguments
found in [14] (see also [12]) by taking account of the tempered variation of f, and we
write a proof for completeness. Given u € B, (Y) and v € B,,(Y), let x1 .. . x, € B,(X)
such that w(x; ...x,) =u and let 7y . .. z;, € B, (X) such that 7(z; ... z,) = v. Let
p be a weak specification number of X. Then there exists w € Bi(X), 0 < k < p, such
that x1 . ..x,WzZ1 . .. Zm € Buam+k(X). Hence, if x € [x] ... x,Wz] ... Zm], by letting
m = ming<x<p{e @ : x € X}, where ¢(0)™) := [ for all x € X, we obtain

ittt N 5 776 Sn I (S 0" ) (34)

Forn e N, let M, := sup{e(sﬂf)(")/e(snf)(x/) TX = xl.’, 1 <i < n}. Since X has the weak
specification, Y also satisfies the weak specification property with specification number p.
Define Sby S ={w € By (Y) : 0 <k < p,uwv € B(Y)} and let y,, be a point from the
cylinder set [uwv]. Then

Z Z eSntmtin HE) > Z 71eSn @) o (S (0" x)

wes XEE?H»mel(yw) Xe[xl-:xnijzl---zm]a
T(X] e XpWZ] . Zim ) E[Uwo]

m
(Sn f)(x) (Sm ) (2)
> E sup e )( E sup e )
MMy, < XE€[x1...x] z€[z1...2m]

T(X]...Xp)=U w(Z1...2m)=V

m
= MM, sup{g,(y) : y € [ul} sup{gn(y) : y € [v]}.
Hence,
m
Z Entm+w) (Yw) = MM, sup{g,(y) : y € [ul} sup{gn(y) : y € [v]}.

weS

Hence, there exits w € S such that

nem | Vi) > #’M sup{g(y) : y € [ul} sup{g, (y) : y € [v]}.

If Y is a subshift on / symbols, then |S| < [”. Hence, G satisfies (D2) by setting Dy, , =
m/(P? M, M,,). By the definition of G, clearly G has bounded variation. O]

LEMMA 6.6. [28] Let (X, ox) and (Y, oy) be subshifts and m : X — Y be a one-block
factor map. Given f € C(X), the following statements are equivalent for h € C(Y).
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(1) f — hom is a compensation function for .
(i) [ Plox,m, f—hom)dm =0 foreachm € M(Y, oy).
i) m({yeY:P(ox,m, f—hom)(y)=0}) =1 foreachm € M(Y, oy).

LEMMA 6.7. Let (X, ox) and (Y, oy) be subshifts and = : X — Y be a one-block factor
map. Given f € C(X), the following statement for h € C(Y) is equivalent to the equivalent
statements in Lemma 6.6:

/P(ax,n,f) dm:/hdmforeachmeM(Y,ay).

Proof. Suppose that the equation in Lemma 6.7 holds for every m € M (Y, oy). Then (31)
implies that f — h o is a compensation function for 7. Suppose that Lemma 6.6(iii)
holds. Then (33) implies that m-almost everywhere,
: 1 gn(y)
P , 7, f—hom =limsup — log | —— ],
(GX f (o] )()’) nﬁoop n g (e(th)(y)
where g, (y) is defined as in (32). Since {log gn},f":1 is subadditive, {log(gn/esnh)}fjil
is subadditive. Applying the subadditive ergodic theorem, we obtain, for each m €

MY, oy),
. 1 8n
P(ox,m, f —hom)dm = [ limsup —log | —— ) dm
n—oo N e-n
1 8n
= Jim / log (es—h> dm
1
= lim —/loggndm—/hdmzo.
n—o0o n
Hence, we obtain Lemma 6.7. O

LEMMA 6.8. Letm € M (Y, oy). Then
. 1 &n(y)
Plox, 7, f —hom)(y) = lim - log <m
m-almost everywhere on Y.

Proof. The result follows by the subadditive ergodic theorem. O

The main result of this section is the next theorem which relates the existence of
a continuous compensation function for a factor map with the asymptotically additive
property of the sequences G = {log g,}°C ;. Given f € C(X), we continue to use g, as
defined in equation (32).

THEOREM 6.9. Let (X, ox) be an irreducible shift of finite type and (Y, oy) be a subshift.
Let m : X — Y be a one-block factor map and f € C(X). Then the following statements
are equivalent for h € C(Y).
(i) P(ox,m, f —hom)(y) =0 for every periodic point y € Y; equivalently,
.1 gn(y) \ _
A 5 o <e(snh><y> =0

for every periodic point y € Y.
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(1) The function f — h o 7 is a compensation function for 7.
(iii)
_— gn(y)
Jm o log (m =0
foreveryy €Y.
o0

(iv) The sequence G = {log g}, , is asymptotically additive on Y satisfying

8n
log (e(S”h)>Hoo =0.

) [ Plox,m, f)dm= [ hdmforallm e M(Y,oy).

. 1
lim —
n—oo n

Remark 6.10.

(1) Theorem 6.9(i) with f = 0is equivalent to the condition found by Shin [26, Theorem
3.5] for the existence of a saturated compensation function between two-sided
irreducible shifts of finite type (see §7). Hence, by [26, Theorem 3.5], Theorem
6.9(1), (i1) and (v) are equivalent when f = 0 for a factor map between two-sided
irreducible shifts of finite type. By the result of Cuneo [9, Theorem 2.1], if G is
asymptotically additive then (v) holds for some & € C(Y).

(2) See §7 for some examples and properties of /.

Proof. Tt is clear that (iv) implies (iii). By Lemma 6.6, (iii) implies (ii) and (ii)
implies (i). Now we show that (i) implies (iv). Suppose that (i) holds. It is enough
to show that Lemma 4.1(ii) holds. Let X be an irreducible shift of finite type on a
set S of finitely many symbols and k be a weak specification number of X. Let L be

the cardinality of the set S. Let y = (y1, y2,..., Yn,...) € Y. For a fixed n > 3, let
y1 =a, y, = b. Then n’l(yl) ={ai,...,ar,}, where a; € S for 1 <i < Ly, for some
Ly <L,and n_l(yn) ={b1,...,br,} where b; € Sfor1 < j < L», for some Ly < L.

Define W;; := {a;x2 . .. x4—1bj € By(X) : w(aix2 . . . Xy—1bj) = y1 . . . yu}. Let E;7 ()
be a set consisting of exactly one point from each cylinder set [u] of length n of X,
where u € W;;. Define C; ; := erEj;-"(y) eGSn ) and M, := sup{e @ /e(Sa NG .
xi =yi, 1 <i <n}. If W; ; =0, then define C; ; := 0. Then

1
D D O TR
n

I<i<Ly,1<j<L,

where in the second equality we use the fact that, for any E,(y),

§0) 5 ),

M XEEL()
Hence, there exist i, jo such that
1
Ci.o ;> — > — . 35
i0.jo = LleMngn(y) > LzMngn(y) (35)
Note that (ig, jo) depends on n. There exists an allowable word w = wy . . . wy of length ¢

in X, 0 < g <k, such that bj,wa;, is an allowable word of X. Take an allowable word
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@jgXx2 . . . Xp—1bj, € Wiy j,- Since X is an irreducible shift of finite type, we obtain a

periodic point X := (ajy, X2, . . ., Xu—1, bjy, w1, ..., wy)> € X. Let w(w;) = d; for each
i=1,...,q.Let y* ;== w(X). Then y* = (y1, ..., yn, d1, ... dy)™ is a periodic point
of oy.

For a fixed n > 3, define Py := E//° (). Define P; by
Pi={z=@)Z,€X:21...20 € Wigjo» Zntl - - - Zngqg = W, otz = 7).

Observe that if z € P1, then w(z) = y* and Pj is a set consisting of exactly one point from
each cylinder [u] of length (n + ¢) of X such that w(u) = y1 ... yudi . .. d, satisfying
up...uy € Wy joanduyyy ... uprg = w. Then
m
gnsa ™) = sup { ) e<sn+qf>(x>} > 3 G > ;4_( ) e(Snf)(x))’
n

Entg O™ U xeB iy 0% xePy xePy

where m := minof,-gk{e(sff)(x) :x € X}, (Sof)(x) :=1 for every x € X. Next define P,
by

P,={z= (Zl‘)?il € X : foreach j =0, 1, Zj(n4q)+1 - - - Zn(j+1)+jg € Wip.jo»

Z(j+Dntjg+l - - - Z(j+D(n+g) = W, o2tz = 7).

Observe that if z € P,, then w(z) = y* and P, is a set consisting of one point from each
cylinder [u] of length (2n + 2g) of X such that w(u) = y1 ... ypdy .. . dgy1 ... ynd1 . ..

dy satisfying wuy ... up, Upyge1 .. U2nyg € Wigjo and upi1 .. Upig = Udpigsl - - -
uzn424 = w. Hence,

Lm+q)(Y) = sup { e(SZ(nJrq)f)(X)}

Exntq)(0%) erz(n+q)(y*)

2m 2
e
> § (S20+) ) X) > M2< § e(Snf)(x)> )

xep nNxepy
Applying (35), we obtain
2m 2 2m 2 (1%
x> & (Su )0 e8, (")
Lty (V) = Mr%( Z e > M
xePy
Similarly, for j > 3, define the set P; of periodic points by
Pi={z=(z)2y€X: foreach0<!<j—1,2m+qp)+1 - 20+Dntlg € Wiy jo»
ZU4 g+ - - - 20D nbg) = W, 07 Dz = 7},

If z € Pj, then mw(z) = y* and P; is a set consisting of one point from each cylinder
[u] of length j(n 4+ ¢q) such that w(u) = (y1...y.dp .. .dq)j satisfying uj(4q)+1 =
ig, U(+Dn+lg = bjy and u@iiynyigtl - - U@+ mtq) = w for each 0 <l <j—1.
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Then we obtain

8jm+q) (V") = sup { 2 e(sjw)f)(X)}
Ejmtq) ) XEE j(ntq)(¥")

jm J
> Z e Sitrg ) > e_( Z e(&f)(x)) .

XeP; M'{ xePy
Applying (35), we obtain

i s e T el ! "\ iy
8jmt+q) (V") = —< e ") > ( ) gn(y").
M L>M;

n xePy

Since the function g, is locally constant, for n > 3,

m

j .
W) sup{gn(z) sz € [y1 ... yulV

it (V") = <
forevery j € N. Hence, condition (ii) in Lemma 4.1 holds. Applying Lemma 4.1, we obtain
(iv). Finally, (iv) = (v) is immediate and (v) implies (ii) by Lemma 6.7. O]

Recall that if f € C(X) is in the Bowen class, then G = {log g,,};’f:l satisfies (C1) and
(C2) and G has the unique Gibbs equilibrium state.

COROLLARY 6.11. Under the assumptions of Theorem 6.9, assume also that f € C(X)

is a function in the Bowen class and let m be the unique Gibbs equilibrium state for G =

{log gn},2 |- Suppose that one of the equivalent statements in Theorem 6.9 holds. Then:
(i) mis an invariant weak Gibbs measure for h;

(i) equation (28) holds by replacing f, by gn;

(i)  if m is a Gibbs measure for a continuous function, then G is almost additive.

Hence, if there is no sequence {Cp n }n meN satisfying (28) by replacing f, by gn, then there

does not exist a continuous function h on Y such that

f Ploy. . f)du = f h du
Jorevery u € M(Y, oy).
Proof. Since lim,,_, o (1/n)|| log(g, /e5M)||00 = 0, applying the first part of the proof of
Lemma 5.5, m is an invariant weak Gibbs measure for /. To show the second statement, we

use similar arguments to the proof of Theorem 5.6. To show the third statement, we apply
the proof of Theorem 5.6. The last statement is obvious by Theorem 6.9. U

Remark 6.12. Applying Theorem 4.3, we can study Theorem 6.9 under a more general
setting. Let (X, ox), (Y, oy) be subshifts and 7 : X — Y be a one-block factor map.
Given a function f € C(X), suppose that G = {log gn};’f’: | satisfies Theorem 4.4(ii). Then
Theorem 6.9 holds. It would be interesting to study the conditions on factor maps
satisfying Theorem 4.4(ii) for G.
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7. Applications

In this section, we give some examples and applications. Applying the results from the
previous sections, we study the existence of a saturated compensation function for a factor
map between subshifts and factors of weak Gibbs measures for continuous functions.

7.1. Existence of continuous saturated compensation functions. Let (X,ox) be an
irreducible shift of finite type, ¥ be a subshift and 7 : X — Y be a one-block factor map.
For n € N, let ¢, be the continuous function on Y obtained by setting f = 0 in equation
(32). Set @ = {log ¢} ;.

For a factor map 7 between subshifts, there always exists a Borel measurable saturated
compensation function —P(oy, w,0) o given by a superadditive sequence —®P o 7;
however, a continuous saturated compensation function does not always exist. Shin [26]
considered a one-block factor map m : X — Y between two-sided irreducible shifts of
finite type and gave an equivalent condition for the existence of a saturated compensation
function (see [26, Theorem 3.5] for details). Note that the condition is equivalent to
Theorem 6.9(i) with f = 0.

Here we characterize the existence of a saturated compensation function in terms of the
type of the sequence ® by applying Theorem 6.9.

COROLLARY 7.1. Let (X, ox) be an irreducible shift of finite type, Y be a subshift and  :
X — Y be a one-block factor map. Then —h o w, h € C(Y) is a saturated compensation
function if and only if one of the equivalent statements in Theorem 6.9 holds with f = 0.
In particular, a saturated compensation function exists if and only if ® is asymptotically
additive on Y. If —h o 1 is a compensation function, then h has the unique equilibrium state
and it is a weak Gibbs measure for h. If there does not exist {Cy 1} (nm)eNxN satisfying
equation (28) for ®, then there exists no continuous saturated compensation function
for .

Proof. The result follows by setting f = 0 in Theorem 6.9 and Corollary 6.11. [

Example 7.2. (A sequence satisfying (C1) and (C2) which is not asymptotically additive
[26]) Shin [26, Example 3.1] gave an example of a factor map 7 : X — Y between
two-sided irreducible shifts of finite type X, ¥ without a saturated compensation function.
We note that the same results hold for one-sided subshifts. The sequence ® = {log ¢,,},
is a subadditive sequence satisfying (C1) and (C2) with bounded variation and there
exists a unique Gibbs equilibrium state v for ®. Since there is no saturated compensation
function, there does not exist a continuous function 4 € C(Y) such that

1
lim —flogcﬁ,,dm:/hdm
n—oo n

for every m € M(Y, oy). Hence, ® is not an asymptotically additive sequence and there
does not exist a continuous function on Y for which v is an invariant weak Gibbs measure
(see Theorem 7.8). Alternatively, a simple calculation shows that for any x € [12" 1] where
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m > 31is odd,
e It vl
G2 (0?x) — |w=I[12]]|x =1 [2m=1)) 20 D/2 42
(see [26]). Hence, for any sequence {Cy ) (n,m)eNxN satisfying equation (28) for @, we

obtain that Cp,, > 2m=D/2 4 5 By Corollary 7.1, there does not exist a continuous
saturated compensation function.

Remark 7.3.

(1) Pfister and Sullivan [20] studied a class of continuous functions satisfying bounded
total oscillations on two-sided subshifts and showed that if a continuous function
f belongs to the class under a certain condition then an equilibrium state for f is
a weak Gibbs measure for some continuous function. Shin [24, Proposition 3.5]
gave an example of a saturated compensation function G o r for a factor map 7 :
X — Y between two-sided irreducible shifts of finite type X, ¥ where —G does not
have bounded total oscillations. Let (X*, o)) and (Y™, o) be the corresponding
one-sided shifts of finite type and consider the factor map w & : X* — Y. Then
the corresponding saturated compensation function Gt o forz™, GT € C(Y ™), is
obtained. Applying Theorem 6.9 and Corollary 6.11, —G™ has a unique equilibrium
state and it is a weak Gibbs measure for —G™T.

(2) See §2in [3] for examples of measures which are not weak Gibbs studied in quantum
physics.

Example 7.4. (A sequence satisfying (C1) and (C2) which is also asymptotically additive)
In [30], saturated compensation functions were studied to find the Hausdorff dimensions of
some compact invariant sets of expanding maps of the torus. In [30, Example 5.1], given
a factor map 7 between topologically mixing shifts of finite type X and Y, a saturated
compensation function G o, G € C(Y), was found and —G has a unique equilibrium
state v which is not Gibbs. Applying Theorem 6.9 and Corollary 6.11, v is an invariant
weak Gibbs measure for —G.

Remark 7.5.

(1) In [12, 31], the ergodic measures of full Hausdorff dimension for some compact
invariant sets of certain expanding maps of the torus were identified with equilibrium
states for sequences of continuous functions. If a saturated compensation function
exists, then they are the equilibrium states of a constant multiple of a saturated
compensation [30].

(2) In Example 7.4 [30, Example 5.1], X and Y are one-sided shifts of finite type.
Considering the corresponding two-sided shifts of finite type X, Y and the factor
map 77 between them, a saturated compensation function Gomfor#,GeC (Y) is
obtained in the same manner as G is obtained. The function —G on ¥ does not have
bounded total oscillations (see Remark 7.3(1)).

71.2. Factors of invariant weak Gibbs measures. Factors of invariant Gibbs measures for
continuous functions and related topics have been widely studied (see, for example, [7, 8,
12, 16, 21-23, 27, 31-33]). For a survey of the study of factors of Gibbs measures, see the
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paper by Boyle and Petersen [4]. In this section, more generally, we study the properties of
factors of invariant weak Gibbs measures. Given a one-block factor map 7 : X — Y, and
f € C(X), define g, for each n € N as in (32) and G = {log g,,};>o yonY.

THEOREM 7.6. Let (X, ox) be an irreducible shift of finite type, Y be a subshift and 7 :
X — Y be a one-block factor map. Suppose there exists u such that u is an invariant
weak Gibbs measure for f € C(X). Then w ( is an invariant weak Gibbs measure for G =
{log ga}°2.| on Y. There exists h € C(Y) such that lim, oo (1/n) [ log g, dm = [ h dm
forallm € M(Y, oy) if and only if one of the equivalent statements in Theorem 6.9(i)—(iv)
holds. Moreover, such a function h exists if and only if the invariant measure 1 |4 is a weak
Gibbs measure for a continuous function on Y.

Remark 7.7.

(1) If f is in the Bowen class, then there is a unique Gibbs equilibrium state for G and
Corollary 6.11 also applies.

(2) If there exists u such that u is an invariant weak Gibbs measure for f € C(X), then
7w is an equilibrium state for G.

Proof. To prove the first statement, we apply similar arguments to the proof of [32,
Theorem 3.7] and we outline the proof. Suppose that f € C(X) has an invariant weak
Gibbs measure . Then there exists C,, > 0 such that

1 - wlxy ... xql <c,

C, = e PTG N =
foreach x € [x; ... x,], where lim,,_, 5 (1/n) log C,, = 0. Since f has tempered variation,
if we let

(Sn f)(x)
e ! .
Mn:sup{m:x,ye){,xizyiforl <1 Sn},

then lim,_, oo (1/n) log M,, = 0. Using the definition of the topological pressure and after
some calculations, we obtain that P(f) = P(G). Since

wulyi . oyd= Y plv..x,

X1 Xp € By (X)
(X1 Xn)=Y1--Yn

using similar arguments to the proof of [32, Theorem 3.7], we obtain

1 Ty ... ynl
CuM, = 8_”P(g)gn(y) = Cnly.
Hence, 7w is an invariant weak Gibbs measure for G. The second statement holds by
Theorem 6.9. Now we show the last statement. Suppose such £ exists. Modifying slightly
the proof of Corollary 6.11(i), taking into account the fact that 7 u is a weak Gibbs measure
for G, we obtain that 7 is a weak Gibbs measure for 4. To see the reverse implication,
suppose 7 1 is weak Gibbs for some 4. Then there exists A, > 0 such that

1 Tulyr ... yal

— < I o (36)
Ay = e=nPW+Sih) ()
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foreachy € [y] ... yu], where lim,_, oo (1/n) log A,, = 0. If we let K,, = C,, M,,, then the
similar arguments to the latter part of the proof of Lemma 5.5 show that

1 _ gn(y)
K,A, =~ oSuh—P()+P@NG) ~

nAn

for each ye[y;...y,]. Hence, G is asymptotically additive. Set h = h—
P(h) + P(G). O

The proof of Theorem 7.6 gives us the following result.

THEOREM 7.8. Under the assumptions of Theorem 6.9, suppose there exists (L such that (1
is an invariant weak Gibbs measure for f € C(X). Then there exists h € C(Y) satisfying
the equivalent statements in Theorem 6.9 if and only if there exists a continuous function
on Y for which m j is an invariant weak Gibbs measure on Y.

COROLLARY 7.9. Under the assumptions of Theorem 7.6, if there is no sequence
{Chmlnmen satisfying equation (28) by replacing f, by gn, then there does not exist
a continuous function h on Y such that lim,_,o(1/n) [ log g, dm = [ h dm for every
m € M(Y, oy). Hence, there exists no continuous function on Y for which wu is an
invariant weak Gibbs measure on Y.

Proof. Suppose there exists & € C(Y) such that lim,,—, o (1/n) [ log g, dm = [ h dm for
everym € M(Y, oy). By Theorem 7.6, G is asymptotically additive and 7 i is an invariant
weak Gibbs measure for 4. Hence, there exists A, > 0 such that (36) holds for & for each
y €[y1...ynl, where lim,_, o (1/n) log A, = 0. Let K,, be defined as in the proof of
Theorem 7.6. Using P(h) = P(G) and additivity of {S,,2}°° ., we obtain

n=1’

1 &n+m(y)
< < KytmA K,AnKnAp.
Kn+mAn+mKnAnKmAm gn()))gm(o';y) b S
Define Cp ;= KntmAntm KnAnKm Ay for each n,m € N. Then lim,_(1/n) log
Cpm =limy,oo(1/m) log C,, ,n = 0. Hence, the result follows from Theorem 7.6. O]
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