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Abstract

We make some comments on recent papers involving the integrated Cauchy
functional equation or specialized versions of it, and reveal in particular that these
papers give an inaccurate picture of the current state of the literature on the topic.
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Introduction

Rao (1983), Rao and Shanbhag (1986) and several others have observed that various results
in characterization theory and applied probability involving the integrated Cauchy functional
equation or its variants follow as obvious corollaries of the Lau-Rao theorem or Deny’s
theorem or extended versions of these results given more recently by Davies and Shanbhag
(1987). In many cases, the cited results on functional equations provide results that are much
stronger than those appearing in the literature. It is unfortunate that, in spite of the exposure
given to these results, one still comes across papers on the subject that make no reference to
these or make misleading statements on what they imply. In this short communication we
discuss some of the most recent contributions that fall into this category.

1. Chukova and Dimitrov (1992)

Chukova and Dimitrov (1992) have shown that there exist random variables X not
exponentially or geometrically distributed, such that

P(X-bzx|Xzb)=P(X =x)

for all x>0 and infinitely many different values of b. They called the distributions of such
random variables almost-lack-of-memory distributions (ALMD), since they almost have the
lack of memory property. From their paper, it is evident that they are aware neither of Lau
and Rao (1982) nor of Marsaglia and Tubilla (1975). The solution to the class of ALMD that
these authors give can be seen to be a trivial corollary to the Lau—~Rao theorem. Indeed the
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result here is of an elementary nature and does not require anything as powerful as the
Lau-Rao theorem to deal with it. However, references to the Lau—Rao theorem and its
corollary due to Marsaglia and Tubilla (1975) would have exposed the link between these
latter results and the cited result of Chukova and Dimitrov. We reproduce below the
statement of the Lau-Rao theorem for ready reference. (For a probabilistic proof of the
Lau-Rao theorem based on exchangeability, we refer the reader to Alzaid et al. (1987).)

The Lau-Rao theorem. Let f be a non-negative real locally integrable Borel-measurable
function on R.,, other than a function which is identically zero a.e. [L], such that it satisfies

(1) fo)= f fGc+y)du(y) foraa.[L] xeR.

for some o-finite measure p with w({0}) <1 (yielding trivially that wu({0}°)>0), where L
corresponds to Lebesgue measure. Then, either u is arithmetic with some span A and

fx +nA)=f(x)b", n=0,1,--- foraa.[L] xeR,
with b such that

E bru((nAl) =1

or u is non-arithmetic and

f(x)xexp (—nx) foraa.[L] xeR,
with 7 such that

L exp(—nx)du(x)=1.
(Here a.e. and a.a. stand for ‘almost everywhere’ and ‘almost all’ respectively.)

It may be worth pointing out at this stage that Dimitrov and Khalil (1990) also contains
results of which stronger versions follow trivially from known results on functional equations.
This has been pointed out explicitly or implicitly by Shanbhag (1991) and van Harn and
Steutel (1991).

2. Huang et al. (1993)

Huang et al. (1993) have recently given, amongst other things, some variants and extended
versions of the following theorem of Gupta and Gupta (1986).

Theorem. Let {S,, n =1, F(x)} be a renewal process where F(x) is continuous. Let G(x) be
a monotone non-decreasing function having a non-lattice support on x =0 with G(0) =0 and
J5 e ¥ dG(x) < for all £ >0. Suppose further that g(t) = E(G(1(t))) <« (where u(¢) is the
forward recurrence time at ¢) for all ¢. If g(¢) is constant, then {S,} is a Poisson process.

Gupta and Gupta (1986) proved their theorem by using a result which is due to Shimizu
(1978), (1979). However, Rao and Shanbhag (1989) have revealed that if the Lau-Rao
theorem is used instead of Shimizu’s result, then a more general version of the above theorem
is obtained. In particular, as Rao and Shanbhag (1989) mentioned, if one replaces the
assumption that F is continuous by the weaker assumption that F(0)=0 subject to an
alteration that G is now assumed to be right continuous, and if one drops the condition that
Jo e *dG(x) < for all £>0, then the theorem still holds. This follows as it is easily seen
that the equation g(f) = ¢ (constant) is equivalent to

e(1 - F(x)) = f (1-F(x +y))dG(y), xeR,,
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which implies that F is exponential. Incidentally, the differentiability of G, implicitly assumed
in the proof given by Gupta and Gupta (1986), is not necessary; this is an observation of Rao
and Shanbhag (1989).

Huang et al. (1993), in establishing Theorems 3 and 4 of the paper, implicitly used the cited
result of Shimizu and a corollary to it (i.e. Corollary 1 in Huang et al. (1993)). Obviously, if
one uses the Lau-Rao theorem instead of the restrictive result of Shimizu and its corollary,
more general versions of the Huang et al. (1993) results follow. Unfortunately, these latter
authors do not make any reference to Lau and Rao (1982) and Rao and Shanbhag (1989), and
so in presenting their results they once again make unnecessary assumptions essentially as in
Gupta and Gupta (1986). Also, these authors could have benefited from the letter to the
editor of Lau and Prakasa Rao (1992) and would have known, amongst other things, that a
version of the Lau—Prakasa Rao result was given earlier in Kakosyan et al. (1984).

We should also mention here that both Gupta and Gupta (1986) and Huang et al. (1993)
have missed the paper of Isham et al. (1975) in which a result relevant to the findings of these
papers was arrived at.

3. Witte (1993)

This author mentions that Rao and Shanbhag (1986) have shown that the Lau-Rao
theorem and various corollaries to it are implicitly contained in Deny’s theorem. However, if
one scrutinizes the paper of Rao and Shanbhag (1986), then it is not difficult to realize that
what is claimed by Witte (1993) is untrue. Indeed, to get the Lau—Rao theorem from Deny’s
theorem, Rao and Shanbhag (1986) have used an inequality satisfied by the function relative
to the functional equation. This inequality is a result of Davies and Shanbhag (1987) and it is
a key to their investigations. The inequality in question is not a trivial result, although it has
an elegant proof based on exchangeable random variables. Witte (1993) seems to be
overlooking this point. We may, however, mention here that if, in the integrated Cauchy
functional equation (1), the function f is bounded and the measure w is finite, then the
Lau-Rao theorem can be easily obtained via Deny’s theorem as revealed by Fosam et al.
(1993). In view of this, the Marsaglia and Tubilla (1975) characterization of the exponential
distribution follows as an easy consequence of Deny’s theorem. Also, some of the recent
results on integral equations relative to the real line or the set of integers follow trivially from
Deny’s theorem.

We are not claiming here that Deny’s method cannot be adapted to deal with the Lau-Rao
theorem or its corollaries. What we are stating is that these latter results are not obvious
corollaries of the result which is referred to as Deny’s theorem in the literature. To illustrate
our point, we consider the following very simple example:

Example 1. Consider the system of equations
(2) ’ vn = Z wmvn-Hn) n =O) 1) cte
m=0

studied by Shanbhag (1977) with assumptions as stated by him. To get Shanbhag’s result as a
corollary to Deny’s theorem, one should first demonstrate that {v,:n=0,1,---} of (2) is
extendable to a non-negative sequence {v¥:n =0, £1, +2, - - - } such that the following system
of equations is valid:

vE= Z W VX, ., n=0,+1, £2,--.
m=0
The proof of the assertion does not seem to be trivial.
In the case of more general semigroups, the problem becomes still more complex and, as
mentioned by Davies (1993), one requires more complicated arguments to get the results than
those that are sufficient to obtain Deny’s theorem. That, in general, the function in the
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integral equation corresponding to an embeddable semigroup cannot be extended to have an
integral equation corresponding to a group is shown by the following example.

Example 2. Let f be a density function on R? satisfying

3) f(xhxz):)‘f jf(xl"')’],xz"')’z)d}’ld}’z (xlxe)ERZ*—y
o Jo

where A > 0. (In other words, fis the density corresponding to a distribution that is absolutely
continuous and is concentrated on R%, with failure rate A.) The solution to (3) has been
identified by Puri and Rubin (1974) (see also Davies and Shanbhag (1987)) and it is of the
form :

“4) fOxi, x2) = AE(e™172%)  (x),x) e RE,

where (Z,, Z,) is a vector of positive random variables such that Z,Z, = A a.s. If we take Z,
here for example as any positive random variable for which the moment generating function
M(t) is not defined for some or all positive ¢ (e.g. a log-normal random variable, a positive
stable random variable or a gamma random variable) and take Z, = A/Z,, then, we see that f
in (4) is well-defined and is as reguired. However, in this case, we cannot extend the function
f to have a new function f* on R’ such that f* satisfies the integral equation on R

4. Comments on some other papers

There are several other papers which involve implicitly or explicitly the integrated Cauchy
functional equation and the relevant results therein follow as corollaries to the Lau-Rao
theorem. For example, Fosam and Shanbhag (1994) show that the strong memoryless
property characterizations of the exponential and geometric distributions that are corollaries
to the theorem in question yield stronger versions of a result of Liang and Balakrishnan
(1992).

Recently, Pakes and Khattree (1992) considering a length-biased model obtained a
characterization of the generalized gamma family. The functional equation (5.3) in Pakes and
Khattree (1992) is, obviously, a special case of the equation in the Lau—-Rao theorem and so
the characterization in question immediately follows. However, Pakes and Khattree seem not
to have noticed this.

In concluding, we may point out that many other results from the literature could now be
improved upon using the cited results on functional equations. A forthcoming monograph of
Rao and Shanbhag will address this issue; we refer also to Sapatinas (1993) for some specific
applications of the Lau-Rao theorem, giving in particular characterizations of Pareto
distributions.
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