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In this paper, we characterize jump phenomena of the n-th eigenvalue of self-adjoint
discrete Sturm—Liouville problems in any dimension. For a fixed Sturm—Liouville
equation, we completely characterize jump phenomena of the n-th eigenvalue. For a
fixed boundary condition, unlike in the continuous case, the n-th eigenvalue exhibits
jump phenomena and we describe the singularity under a non-degenerate
assumption. Compared with the continuous case in Hu et al. (2019, J. Differ. Equ.
266, 4106-4136) and Kong et al. (1999, J. Differ. Equ. 156, 328-354), the jump set
here is involved with coefficients of the Sturm-Liouville equations. This, along with
arbitrariness of the dimension, causes difficulty when dividing the jump areas. We
study the singularity by partitioning and analysing the local coordinate systems, and
provide a Hermitian matrix which can determine the areas’ division. To prove the
asymptotic behaviour of the n-th eigenvalue, we generalize the method developed in
Zhu and Shi (2016, J. Differ. Equ. 260, 5987—6016) to any dimension. As an
application, by transforming the continuous Sturm-Liouville problem of Atkinson
type to a discrete one, we determine the number of eigenvalues and obtain complete
characterization of jump phenomena of the n-th eigenvalue for the Atkinson type.
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1. Introduction

Sturm—Liouville problems in the discrete version come from several physical models,
including the vibrating string and random walk with discrete time process [4, 9].
We briefly introduce these two models. Suppose that a weightless string bears [
particles with masses myq, ..., m;, and the horizontal distance between m; and m;1
is 1/¢;, 1 < i <1 —1. Moreover, the string extends to length 1/¢; beyond m; and
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Figure 1. Vibrating string.
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Figure 2. Random walk with discrete time process.

1/¢o beyond mq. Let s;, 1 < i<, be the displacement of the particle m; at a
fixed time. Both ends are pinned down (i.e. s9 = s;41 = 0). Since the particle m;
does not move horizontally, we may assume that the horizontal component of the
tension at m; is both unit from the left and right, respectively. Then the restoring
forces, induced by the vertical component of the tension from the left and right,
are ¢;—1(s; — s;—1) and ¢;(s; — s;+1), respectively. See Fig. 1.

Therefore, by Newton’s second law,

d2
- miﬁsz = Cifl(Si - Sifl) + cl-(si - Si+1) = 7V(CZ‘ASZ'), 1 < 1 < l, (11)

where As; = s;41 — s; and Vs; = s; — s;—1. Taking s; = y; cos(wt), where y; is the
amplitude of m;, we obtain from (1.1) that

where A = w?. Since the boundary condition corresponds to the assumption
that both ends are pinned down, this system becomes a self-adjoint discrete
Sturm—Liouville problem.

Another model of the discrete Sturm—Liouville equation is random walking with
discrete time process from probability theory.

Let a particle be in one of the [ positions 1,...,l at ¢ = 0. Suppose that the
particle is in position i at t = tg. The rule of this random walking is that the particle
will move to ¢+ 1 at t =tg + 1 with a probability a;, move tov—1 at t =5+ 1
with a probability §;, and stay in position ¢ with a probability 1 — «; — ;. See
Fig. 2. Moreover, if the particle moves to the left of position 1, or to the right of
position [, it is considered permanently lost. So it is reasonable to set cg = 0 and
Bi+1 = 0. Define p,.s(j) as the probability of the particle being in position s at t = j
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and starting in position r at t = 0. Then we have p,s(0) = 4,5, and

prs(j + ]-) - asflpr,sfl(j) + ﬂs+1pr,s+1<j) + (]- — Og — ﬂs)prs(j); ] > 5 (12)
s j

0
where 6,5 = 1if r = s, and 6,s = 0 if 7 # s. Let P(j) = (prs(j))1<rs<is J = 0, and

—ay — B a
52 —Qg — 52 Q2
T= Bs —ag — B3
Qp—1
B —aq— B

Then P(0) = I; and (1.2) is equivalent to
PE+1)=PG)L+T), j=0.

So P(j+1)= (I, +T)?, j > 0. However, the form (I, + T’ provides little infor-
mation on asymptotic form of P(j) for large j. Instead, in the spectral theory,
the eigenvalues and corresponding eigenfunctions of 7' play an important role in
studying properties of P(j) for any j > 1. To find an eigenvalue A and the cor-
responding eigenfunction (yi,ys,...,y;) of =T, we need to study the self-adjoint
discrete Sturm-Liouville equation

=V(g;Ay;) = Aazy;, 1<j <],

with the boundary condition yo = y+1 = 0, where g; = a;a; and g;—1 = Bja;.

Motivated by these two interesting models and recent interest on discrete
equations [5, 6, 9], in this paper we consider a general self-adjoint discrete d-
dimensional Sturm-Liouville problem for any d > 1. It consists of a symmetric
discrete Sturm—Liouville equation

— V(P Ay;) + Qiyi = AWy, 1 <i <N, (1.3)

and a self-adjoint boundary condition

—Yo PoAyo
A +B —0, 1.4
(?/N ) <PNAZ/N) (14)
where Ay; =yiv1 — i, Vyi=yi—Yi-1, y={yitiy" 1is a sequence of d-

dimensional complex-valued vectors; P = {P;}, Q = {Q;}IL, and W = {W;}[L,
are sequences of d X d complex-valued matrices and satisfy

P;,Q;,W; are Hermitian P; is invertible, T; positive definite, (1.5)

0 <7 < N; X € Cis the spectral parameter, N > 2; A and B are 2d X 2d complex-
valued matrices such that

rank (A, B) =2d, AB* = BA". (1.6)

The spectrum of a self-adjoint discrete Sturm-Liouville problem consists of real
and finite eigenvalues, and thus can be arranged in the non-decreasing order. The
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n-th eigenvalue can be considered as a function defined on the space of self-adjoint
discrete Sturm—Liouville problems or on its subset. This function is not continuous
in general, see the 1-dimensional case in [22]. The n-th eigenvalue exhibits jump
phenomena near the discontinuity points. Unlike only jumping to —oo in the con-
tinuous case, the n-th eigenvalue also blows up to +oo in the discrete case. So we
call the set of all discontinuity points in the considered space to be the jump set,
and call any element in the jump set to be a jump point.

The aim of this paper is to determine the jump set and to completely provide the
asymptotic behaviour of the n-th eigenvalue near any fixed jump point for the dis-
crete Sturm—Liouville problems. As applications, we consider the Sturm—Liouville
problem of Atkinson type, transform it into a discrete Sturm—Liouville problem,
and then apply the discrete method to completely characterize jump phenomena
of the n-th eigenvalue for the Atkinson type. Though the n-th eigenvalue jumps
to oo near the jump points in the Atkinson type as well as in the discrete case,
the jump set in the Atkinson type is the same one as in the continuous case and
is independent of coefficients of the Sturm-Liouville equations. This leads tremen-
dous difference with the discrete case, where the jump set is involved heavily with
coefficients of the equations.

Singularity of the n-th eigenvalue of Sturm-Liouville problems has attracted a lot
of attention (see [7, 8, 10, 13, 16, 20, 22] and references therein) since Rellich [18].
Let us mention three contributions to finding the jump set of the n-th eigenvalue
and providing all the asymptotic behaviour near each jump point. Kong, Wu and
Zett]l completely characterized it for the continuous 1-dimensional Sturm-Liouville
problems, while Hu et al. gave the answer for the continuous d-dimensional case,
where d > 2. Zhu and Shi obtained the desired result for the discrete 1-dimensional
case. This paper is devoted to the discrete case in any dimension. We mention
here that our result in theorem 4.4 for jump phenomena of the n-th eigenvalue
on the boundary conditions is complete, while the conclusion in theorem 4.9 for
jump phenomena on the equations is partial due to the non-degenerate assumption
(4.22)—(4.23).

Compared with the continuous Sturm—Liouville problems, the n-th eigenvalue in
the discrete case is not continuously dependent on the equations, and the criterion
for continuity of the n-th eigenvalue is different due to the finiteness of the number
of eigenvalues. This makes the method used in the continuous case [8, 13] unable
to apply to the discrete case. On the other hand, compared with the 1-dimensional
discrete case, the first difficulty for any dimensional case is how to divide areas in
layers of the considered space such that the n-th eigenvalue has the same jump
phenomena in any given area. Our method in this paper is to find some invertible
elementary transformations converting the matrix, which determines the number
of eigenvalues of the Sturm-—Liouville problems, to a Hermitian matrix. The areas’
division is then determined by the spectral information of this Hermitian matrix.
The second difficulty is how to prove the asymptotic behaviour of the n-th eigen-
value. Our approach is first to prove the asymptotic behaviour in a certain direction
using the monotonicity of continuous eigenvalue branches, and then combine the
local topological property (geometric structure) of the considered space with the
perturbation theory of eigenvalues to obtain the whole asymptotic behaviour. This
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can be regarded as a generalization of the method developed for 1-dimensional dis-
crete case in [22] to any dimension. Finally, though our method for the Atkinson
type is by transforming the Sturm-Liouville problem into a discrete one, it turns
out to be no singularity of the n-th eigenvalue on the equations for the Atkinson
type.

The rest of this paper is organized as follows. In § 2, topology on the space of
Sturm—Liouville equations, and that on the space of boundary conditions are pre-
sented. Properties of eigenvalues are given in §3. The number and multiplicity of
eigenvalues are discussed in §3.1, continuous eigenvalue branches are constructed
and their properties are provided in § 3.2 and properties of the n-th eigenvalue are
presented in §3.3. In §4, jump phenomena of the n-th eigenvalue on the boundary
conditions are completely characterized for a fixed equation in §4.1, while jump
phenomena of the n-th eigenvalue on the equations are obtained for a fixed bound-
ary condition under a non-degenerate assumption in § 4.2. Sturm—Liouville problem
of the Atkinson type is transformed to a discrete one, and jump phenomena of the
n-th eigenvalue are provided thoroughly in §5. Conclusions are given in § 6.

Notation.

By R and C denote the set of all the real and complex numbers, respectively.
The set of all m x n matrices over a field F is denoted by M., ,(F), and M,, ,,(F)
is abbreviated to M, (F). A* is the complex conjugate transpose of A € M,, ,,(F),
while AT is the transpose of A. H,(F) is the set of all n x n Hermitian matri-
ces, while P, (F) is the set of all n x n positive definite matrices over a field
F. For a matrix S € M, (F), its entries and columns are denoted by s;; and
$; = (815, 8n;)7, respectively, 1 < 4,5 < n. By I, denote the n x n unit matrix.
#(K) is the cardinality of the set K. By r~(A), r°(A)and 7+ (A) denote the total
multiplicity of negative, zero and positive eigenvalues of A € H,,(C), respectively.
Moreover, L((a,b), C"*™) is the space of all n x n matrix-valued functions satisfying
that every component of such a function is Lebesgue integrable on (a,b).

2. Space of self-adjoint discrete Sturm—Liouville problems

In this section, we introduce the topology on the space of self-adjoint discrete
Sturm—Liouville problems.
The space of discrete Sturm—Liouville equations is

OF = {w = ({F; 1o {QiHL AWiHL) € (Ma(C))*M 1+ (1.5) holds}

with the topology induced by CBN+Dd*,
Note that the space of self-adjoint boundary conditions is the same as the

continuous case. Following [8], it is exactly the quotient space
B := GL(2d, C)\L24,44(C), (2.1)
where
Lo4.4a(C) = {(4, B) € M24.44(C) : rank(A, B) = 2d, AB* = BA"}
and

GL(2d,C) := {T € M34(C) : det T # 0}.

https://doi.org/10.1017/prm.2022.9 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2022.9

624 G. Ren and H. Zhu

The boundary condition in B¢ is denoted by [A|B]:={(TA|TB):T ¢
GL(2d,C)}. Bold faced capital Latin letters, such as A, are also used for boundary
conditions.

Next we introduce the following form for the local coordinate systems on BC. Let
K be any subset of {1,2,...,2d}. Denote

Ki=Kn{l,2,...,d}, Ko=Kn{d+1,d+2,...,2d}. (2.2)

By FEk denote the 4d x 4d matrix generated from I,4 by multiplying —1 to the
(k 4 2d)-th column and then exchanging the k-th and the (k + 2d)-th columns for
each k € K. Then it has the following form:

Ey 0 I, — Ey 0
_ (Ex1\ 0 Es 0 Iy — E»
Er = <EK72> | B -1 0 Ey 0 ' (2:3)
0 Eg — Id 0 E2

where Eg 1, Ex o € M2qud(C), By = {1, q0,...,aq} and Ey = {f1,0a,...,Ba}
are d x d diagonal matrices with

fo ifieKy, , [0 ifd+iekKs,
al_{ei if i ¢ Ky, ﬁz_{ei if d+i¢ I, (24)
and e; is the i-th column of I;. Then
EyJ2qEx = Jog, FErxEy = I, (2.5)
where
(0 =1y
)

We define

O% = {[(S| La)Ek] : S € H24(C)}. (2.6)

For A = [(S|I24)Ek] € O%, we denote S by S(A) to indicate its dependence on
A if necessary. It is clear that O% defined here coincides with that defined in (2.1)
of [8]. It follows from theorem 2.1 in [8] that

B*= |J Ok

Kc{1,2,...,2d}

Moreover, B® is a connected and compact real-analytic manifold of dimension 4d>.
The readers are also referred to [2, 3, 14, 17] for more details.

The product space Q(ICV x BC is the space of self-adjoint discrete Sturm-Liouville
problems, and (w, A) is used to stand for an element in Q5 x B® in the sequel.

3. Properties of eigenvalues

In this section, we study properties of eigenvalues of the self-adjoint discrete
Sturm—Liouville problems.
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3.1. The number and multiplicity of eigenvalues

Let
O,N +1]:=={y={yi}ih': i€ CL0<i<N+1}.
The initial value problem of (1.3) has a unique solutions. More precisely,

LEMMA 3.1. Let z;,, %, € C? for some 1 <ig < N. Then, for each A € C, (1.3) has
a unique solution y(X) € 1[0, N + 1] satisfying yi, (N) = 2ziys Pig Ayig(N) = Z4 -

Proof. This can be deduced by the invertibility of P; for 0 < j < IV and the iteration
of

PAy; =P 1Ay;—1 — (AW, — Qi)y;, 1<i<N. O

Recall that A is called an eigenvalue of the discrete Sturm-Liouville problem
(w, A) if there exists y € 1[0, N + 1] which is non-trivial and solves (1.3)—(1.4). Here
y is called an eigenfunction corresponding to A, and it is said to be normalized
if Zf\;l yiWiy; = 1. By o(w,A) denote the spectral set of (w,A). For any \ €
C, let ¢?(A\) = {QS{()\) ?le, j=1,...,2d, be the fundamental solutions to (1.3)
determined by the initial data

(a%(A) SO0 )I

PoAGG(A) -+ PoAgit(N)
Denote
20 = (—qbé(A) —¢%d(A)> .:<P0A¢$(A) P0A¢(2)d()‘>>
SR N ) PyvAGN(N) - PyAGRE(N))

We write ®(A\) and U(\) as @, (N) and ¥, (A) if necessary. Then the eigenvalues of
(w, A) can be regarded as zeros of the polynomial I'(, a) as follows.

LEMMA 3.2. X € o(w, A) if and only of \ is a zero of
F(w,A)(/\) = det(AD(N) + BU(N)).
Proof. The proof is similar to that of lemma 3.2 in [23]. |

Let A € o(w, A). The order of A as a zero of I', a) is called its analytic multiplic-
ity. The number of linearly independent eigenfunctions for X is called its geometric
multiplicity. Let z; = P;Ay; for 0 < i < N. Then the Sturm—Liouville equation (1.3)
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can be transformed to a discrete linear Hamiltonian system:

Yi\ _ 7Q’i+1 0 Wi+1 0 Yi )
JdA(ng)(< 0 P»L_1>+>\( 0 0 R 2 , O<Z<N717

where R(y!, 21T = (yﬁl, )T is the partial right shift operator and

(0 =1
Ji = ( B ) |
Then by theorem 4.1 in [21], we get the relationship of analytic and geometric
multiplicities of :

LEMMA 3.3. The analytic and geometric multiplicities of X € o(w, A) are the same.

Therefore, we do not distinguish these two multiplicities of A. Let #; (o (w, A) N 1I)
be the number of eigenvalues in I C R, counting multiplicities, of (w,A). Since
o(w,A) CR by [19], we have #;(c(w,A) NR) =t1(c(w,A)). The next lemma
determines f#; (o(w, A)).

LEMMA 3.4.
t1(0(w,A)) = (N — 2)d + rank(A; Py ' + By, By), (3.1)
where Aj, Bj € Maogxq (7 = 1,2) are given by
A =[A] B] = [(A1, A2)[(B1, B2)]. (3.2)
Proof. By theorem 4.1 in [19],

ﬁl(a(w,A)) = (N — 2)d+ rank(A1 + Blpo,Bg).

Then (3.1) is obtained by (A1 + By Py, Bs) [P(gl I

0 ] = (APt + By, By). O
Note that (N —2)d < f1(c(w, A)) < Nd.

3.2. Continuous eigenvalue branch

In this subsection, we construct continuous eigenvalue branches. Then we study
their derivative formulae and monotonicity in some directions.
The first lemma is the small perturbation theory of eigenvalues.

LEMMA 3.5. Let (wg, Ag) € O C Q(JCV x BY, and c1,ca € R\ 0(wo, Ag) with c; < ca.
Then there exists a neighbourhood U C O of (wo, Ag) such that for each (w,A) € U,
jjl(a(w,A) n (Cl, CQ)) = ﬂl(O'(UJO, Ao) n (Cl, CQ)) and C1,C2 ¢ O'(UJ, A)

Proof. Using lemma 3.2, the proof is by a standard perturbation procedure for zeros
of the analytic function I'(,, A,)- O

By lemma 3.5 and a similar approach to theorem 3.5 in [23], we then construct
the continuous eigenvalue branches.
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LEMMA 3.6. Let (wo, Ag) € QF x B® and A, € o(wo, Ag) with multiplicity m. Fiz a
smalle > 0 such that o(wo, Ag) N [Ae — €, A\x + €] = {\}. Then there is a connected
neighbourhood U of (wo,Ag) and continuous functions A; U — R, 1 <i<m,
such that A\, —e < Aj(w,A) < < Ap(w,A) < A +e and A\, £ ¢ o(w, A) for
all (w, A) e U, where {A\;(w A}, Co(w,A).

Here A;:U — R, 1<i<m, are called the continuous eigenvalue branches
through A.. We write A;(w) when A is fixed, and write A;(A) when w is fixed.
Then we shall make a continuous choice of eigenfunctions for the eigenvalues along
a continuous simple eigenvalue branch (m = 1).

LEMMA 3.7. Let ug be an eigenfunction for a simple eigenvalue . € o(wo, Ao),
and A be the continuous eigenvalue branch defined on U through .. Then there
exists a neighbourhood Uy C U of (wo, Ag) such that for any (w,A) € Uy, there is
an eigenfunction uyw,a) for Aw, A) satisfying that upw,a) = vo, and upw ay —
UA (wo,Ao) in CIN+2)d g U 3 (w7A) — (wO,Ao).

Proof. The proof is similar to that of lemma 4.3 in [23], and thus we omit the
details. (|

Besides lemma 3.7, we also need the following lemma to deduce the derivative
formulae for continuous simple eigenvalue branches.

LEMMA 3.8. Let y be an eigenfunction for X € o(w,A) and z be an eigenfunction
for A € o(@,A), wherew = (P~1,Q,W),& = (P~Y,Q,W) and A = [A| B]. Then

(Azo)*Poyo — 25 PoAyy = (AZN)*PNyN — 2y PrnAyn. (3.3)
Proof. For convenience, denote

aq

—Yo —Z0
Q2
_ _ YN _ AN
(A7 B) - ) Y - POAyO 9 Z - FOAZO I (34)
Qog PNAyN PNAZN
where a; € My 44(C),i=1,...,2d. Then
(A, B)J2g(A, B)" =0, (A, B)YY =0, (A B)Z=0. (3.5)

Since rank(A, B) = 2d, the first equation in (3.5) yields that each solution of the
equation (A, B)X =0 is a linear combination of Joqa), 1 < ¢ < 2d. From the last

two equations in (3.5), we know that there exists ¢;,d; € C, 1 < i < 2d, such that
Y = Z?il cidJagal and Z = 2?11 d; Jaga}. The first equation in (3.5) also implies
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that
aiJgda; = 0, 1 < i,j < 2d.
So
2d * 2d
Z*Jng = (Z diJQdOé;> Jgd (Z CiJQdO[;) = 0,
i=1 i=1
which is equivalent to (3.3). The proof is complete. O

Note that the method used in lemma 4.4 of [22] depends on separated and coupled
boundary conditions, and thus cannot be applied to lemma 3.8 here for mixing
boundary conditions when d > 2. With the help of lemma 3.8, we give the derivative
formulae of the continuous simple eigenvalue branch with respect to coefficients of
the Sturm-Liouville equations.

LEMMA 3.9. Fiz A € BC. Letw = (P~1,Q,W) € Q(]CV, A be a simple eigenvalue of
(w,A),y €1[0,N + 1] be a normalized eigenfunction for Ay, and A be the continuous
simple eigenvalue branch over Q(ZCV through A\.. Then

N—-1 N N
dAlo(H, K, L) = = > _(PAy) Hi(PiAy:) + > yi Kiyi — A > _yiLiyi (3.6)
=0 i=1 i=1

for all (H,K,L)=((Hy,...,Hy),(K1,...,Kn),(L1,...,Ly)) € (Hq(C))3N+1
and (P~' + H,Q + K,W + L) € Qf,

Proof. Let o€ Qf with o=(P'+HQ+K W+1L)=:(P',Q,W). By
lemma 3.7, we can choose an eigenfunction z = z(-,0) for A = A(e) with o suf-
ficiently close to w in Q% such that z — y as & — w. Then it follows from (1.3)
that

N
i=1

N
Z[z V(PiAy;) — (V(PiAz))*y) Zz L;y; + Zz Ky,
=1
N-1 N N-1 . N )
Az P Ay; + Z V(zf P,Ay;) + Z Az P Ay, — Z V(Az! Py;)
i=0 i=1 i=0 i=1
N N
o) Z 27 Ly + Z 2l Ky,
i=1 i=1
N-1

(PiAz)* (P = PTY(PiAy:) 4 25 PnAyn — 25 PoAyo

K3

.
I
<

N N
— (Azn)*Pyyn + (Az) Poyo — Mo) Y _ 2/ Liyi + > _ 27 K.
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By lemma 3.8, we get

N-1 N N
Z (PiAz)*Hy (P Ay;) — A(U)Zz;‘Liyi JrZz;“Kiyi,
i=0 i=1 i=1

which yields that (3.6) holds. This completes the proof. O

Let us fix all the components of w except P_1 and write the perturbed term Pj_1

by P; Y(w) to indicate its dependence on w for agiven 0 < j < N —1. Q;(w) has
the Slmllar meaning for 1 <7 < N. Then we get the following monotonicity result.

COROLLARY 3.10. Fiz A € BC. Let A be a continuous eigenvalue branch defined on
VO If Pj_l(a) — Pj_l(w) is positive semi-definite for a given 0 < j < N —1,
then A(o) < Aw). If Q;(0) — Qi(w) is positive semi-definite for a given 1 < i < N,

then A(w) < A(o).

Proof. We only prove it for the case that P;l(a) - ijl(w) is positive semi-
definite, since the other is similar. Let w(s) = so + (1 — s)w for 0 < s < 1. Since
L w(s),a)(A) = det(Ad, (5 (A) + BY,y () (A)) is a polynomial of the two variables s
and A, we have that either there exist finite points si,..., Sy, € [0, 1] such that
A(w(s)) is a simple eigenvalue for (w(s), A) with s € [0,1] \ {s1,..., Sny }, or A(w(s))
is a multiple eigenvalue for all (w(s), A) with s € [0, 1], see § 13 in chapter 5 of [11].
For the former case, choose any sg € [0, 1]\{s1,. .., Sn, }. Since A(w(sp)) is simple,
by lemma 3.9 we have

LA (wls0)) = ~(Pi ;) (P 0) — Py (w)) (Pigy) <O,

where y € 1[0, N + 1] is a normalized eigenfunction for A(w(sp)). This implies that
A(w(+)) is non-increasing on [0,1]. Thus, A(o) = A(w(1)) < A(w(0)) = A(w). For
the latter case, there exists 7 € Q% such that A(w + ¢7) is a simple eigenvalue for
(w+tr,A), where t € (0,t9) and tp > 0 is small enough. Then it follows from the
former case that A(w(-) + ¢7) is non-increasing on [0,1] for any fixed ¢ € (0, o).
Thus,

Alo) = Aw(1)) = tl_i}(% Aw(1) +t1) < tl_i>%1+ Aw(0) +t1) = Aw(0)) = A(w).

O

Then we give the derivative formula of a continuous simple eigenvalue branch
with respect to boundary conditions.

LEMMA 3.11. Fiz w € QF,. Let A, be a simple eigenvalue of (w,A) for some A €
0%, y €1[0, N + 1] be a normalized eigenfunction for \., and A be the continuous
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simple eigenvalue branch through A.. Then

dA|a(H) = Y*Eje  HEx 1Y
for H € Haq(C), where Ex 1 and Y are given in (2.3) and (3.4), respectively.
Proof. By (2.6), there exists S € Haq(C) such that A =[S | Io4]Ex. Let B =[S +

H | I,q)Ex with H € Haq. Then there exists an eigenfunction § = y(g) for A(B)

such that § — y in CW+24 35 B — A. Y has the similar meaning as Y. Note that
y and y satisfy

=V(PAY;) + Qi = AB)Wig;, —V(PAy;) + Qiyi = A(A)Wy;, 1 <i <N,
and thus

(AB) — AA)g; Wiyi = —Alyi—1, Ti—1)s

where [y;, 7;] = (A9:)* Pyy; — §f P;Ay;. From the boundary conditions A and B, we
have

SEw1Y + Ex,Y =0 and (S + H)Ex Y + Eg Y = 0. (3.7)

It then follows from (2.5) and (3.7) that

N
(A(B) — A(A)) Zﬂ:Wzyz = [yo, 9] — lyn, In] = Y J3,Y

Y*EjJ5ExY = —Y*Ej 2 Ex 1Y + Y Ej 1 Ex oY
=Y*Ej(S+H)Eg Y —Y*Ej 1 SEx 1Y
=Y*Ej HE,Y.

This completes the proof. O

By the derivative formula of a continuous simple eigenvalue branch in lemma 3.11,
the following result can be obtained with a similar argument to corollary 3.10.

COROLLARY 3.12. Fiz w € QY. Let A be a continuous eigenvalue branch defined
onU C O%. Then A(A) < A(B) if A,B U and S(B) — S(A) is positive semi-
definite.

The monotonicity of continuous eigenvalue branches in corollaries 3.10 and 3.12
plays an important role in studying the asymptotic behaviour of the n-th eigenvalue
in a certain direction, see (4.19) and (4.39).
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3.3. Properties of the n-th eigenvalue

Based on lemma 3.4, the eigenvalues of (w, A) € Q% x B can be arranged in the
following non-decreasing order:

)\1(“)7 A) < )\2("‘)) A) <0 < Aﬁl(a(w,A))(w,A)‘

Therefore, for any 1 < n < Nd, the n-th eigenvalue can be regarded as a function
defined on Q% x BC or on its subset, called the n-th eigenvalue function. Firstly, we
provide a criterion for all these functions to be continuous on a subset of Q5 x BC.

LEMMA 3.13. Let O be a connected subset of Q% x BC. If #1(0(w,A)) = ko,
(w,A) € O, for some ko >0, then the restrictions of A, 1 <n < ko, to O are
continuous. Moreover, they are locally continuous eigenvalue branches on O.

Then we list several other properties of the n-th eigenvalue function in order
to study its asymptotic behaviour. The following lemma strengthens the result in
theorem 2.2 of [23].

LEMMA 3.14. Let O C Q% x BS, #1(c(w, A)) = my + mg +mg for all( A) €0,

and #1 (o (wo, Ap)) = ma for some (wO,AO) € 0O\ O, wherem; >0,1<i<3. If
lim An(w,A) = 1<n<my, (3.8)
03(w,A)—(wo,A0)
and
lim Aw,A) =400, mi+me+1<n<m+me+ms, (3.9)
OB(UJ,A)H(QJ(),AQ)
then
lim AW, A) = Ay, (Wo, Ag), m1+1<n<my+ma.

O3 (w,A)—(wo,Aop)

Proof. Let c¢1,c2 € R such that f#1(o(wo, Ag) N (c1,¢2)) = ma. Then we get by
lemma 3.5 that there exists a neighbourhood U C O of (wp,Ao) such that
f1(oc(w,A)N(c1,c2)) = my and ¢1,¢s ¢ o(w, A) for all (w, A) € Y. Tt follows from
(3.8)-(3.9) that U can be shrunk such that #;(o(w,A) N (—o00,c1)) =m; and
f1(o(w, A) N (c2,00)) = mg for all (w, A) € U. This implies that o(w, A) N (¢1,c2) =
{Mw,A): m; +1<n<mg+me} forall (w,A) € Y. Then the conclusion holds
again by lemma 3.5. (]

LEMMA 3.15. Let O be a connected subset of Q}C\, x B€ and c1,c9 € R with ¢ < cs.
Assume that for all (w,A) € O, t1(c(w,A)) =k, f1(c(w,A) N (c1,c2)) =m with
m < k, and ci,co ¢ o(w,A). Then the other k—m eigenvalues out of [c1,cal,
denoted by 5\1(w,A) << Xk,m(w, A), have the following properties.

(1) Let B; = {\i(w,A) : (w,A) € O}. Then for all 1 <i < k—m,
either E; C (—o00,c¢1) or E; C (¢, +00),

and there exists 1 < ig < k such that 5\1 = A, is continuous on O.

https://doi.org/10.1017/prm.2022.9 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2022.9

632 G. Ren and H. Zhu

(2) Let (w(),A()) c0O \ O, ﬁl(d(wo,Ao)) =m, and O’(w(),A()) (- (01,02). ]f Eio -
(—o0,c1) for some 1 < ig < k—m, then
lim Ailw, A) = —c0, 1< i <.
O3 (w,A)—(wo,Ap)
If E;, C (c2,400) for some 1 < jo < k—m, then
li Aj(w,A) = 0o <j<k—m.
on oA w An) jw,A) =+o00, jJo<j<k-m
The following result indicates that the monotonicity of A, in a certain direction
determines its asymptotic behaviour in this direction.

LEMMA 3.16. Let O = {(w,A), € O x B® :v € (v — €, 11 + €)}, where (w,A),
is continuously dependent on v € (v — €,y + €) for some € > 0. Assume that
f1(o(w,A),,) =m =0, and for all v € (vg — €,v9 +€) \ {w}, ti(o(w,A),) =k >
m

(1) If A\p(v) := Ap((w, A)y) is non-increasing on (vy — €,1p) for all 1 <n <k,
then

lim A\, (v)=—-0c0, 1<n<k—m,

v—vy

lim A, (V) = A—(eemy (v0), k—m+1<n <k,

v—vy
(2) If \u(v) is non-decreasing on (vg — €,1p) for all 1 < n < k, then

lim A, (v) = A(r0), 1<n<m, lim A\ (v) =400, m+1<n<k.

v—vg v—vg
(3) If A (v) is non-increasing on (vo, v + €) for all 1 < n < k, then

Hm+ (V) = An(0), 1< n<m, 1im+ An(V) =400, m+1<n<k.

v—ug V=g
(4) If \y(v) is non-decreasing on (vo,vg + €) for all 1 < n < k, then

lim+)\n(y) =-00, 1<n<k—m,

V*)I/O

lim A, (V) = Ap—(k=—m)(t0); k—m+1<n < k.

V*ﬂ/g—

Note that the analyses in the proofs of lemmas 3.13, 3.15 and 3.16 are independent
of the dimension of the Sturm-Liouville problem (1.3)—(1.4). Thus they are indeed
a straightforward generalization of theorems 2.1, 2.3 and lemma 2.7 in [22].

4. Jump phenomena of the n-th eigenvalue of discrete Sturm—Liouville
problems

In this section, we completely characterize jump phenomena of the n-th eigenvalue
on the boundary conditions for a fixed equation. Then we characterize jump phe-
nomena of the n-th eigenvalue on the equations for a fixed boundary condition
under a non-degenerate assumption.
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4.1. Jump phenomena of the n-th eigenvalue on the boundary
conditions

Fix a Sturm-Liouville equation w = (P~!, Q, W) such that P;* € P4(C) in this
subsection. Let K C {1,2,...,2d}. For any boundary condition A = [4 | B] € 0%,
it follows from (2.6) that there exists S € Haq(C) such that A = [(S| I2q)Ek]. Let
us write S = S(A) in the partitioned form:

S, S
S(A) = (S si,) ,

where 51,53 € Hq(C) and Sy € My(C). Then it follows that
(Aa B) = (Sa IQd)EK

F1 0 1y — FEq 0
(S S I 0 0 E, 0 I By
_<S; S5 0 Id) Ei—1I; 0 E; 0
0 Ey — 1, 0 FEs
_ <S1E1 +E -1y So By S1(Ig—Ev)+Er So(Ilqg— Es) )
N S5 Eq SsEy + Lo — 1y S5(lqg—Ey)  S3(la—E2)+Ey)”

Recall that A;, B; € Magxa, j = 1,2, are defined in (3.2). Then we have
(A1Py ' + By, By)

_ <51(E1P01 +1s—E\)+ (B —1))Py "+ By Sa(ly— E») > (41)
S5(EyPy ' +1,— Ey) Ss(Iy— Ey)+Ey)

From the structure of E; and the fact that PO_1 € P4(C), we infer that E1P0_1 +
I, — FE is invertible. Then it follows that

-1 _ -1
(A1Py ' + By, Bs) (EvPo ™ + Lo = By) 0 (4.2)
0 I
N <51 +(By — )Pyt + By )(EA Pyt + 1 — Ep) 1 Sy(Iy — E») )
S5 Ss(Iqg— Es2)+Es )

Recall that K5 is defined in (2.2), and e; is the i-th column of I;. For convenience,
we set r = #(K3). Let us write Ko = {k1 + d, ko + d, ..., k. +d} with 1 < k; < ko <

<o < k< d, and
Eo = (e, €k,), (4.3)
if Ko # (). For any A € B, we define
D(A) = (A1 Py + By, Ba). (4.4)
For any A € 0%, we define
SP(A) = (51 +[(By — 1) Pyt +E?g§(E1Po_l + 14— Ey)7! E?gf%o) if Ky #0),

(4.5)
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SRA) =8 +[(Ey — )Py ' + E\J(E\ Py 4+ 1y — Ey) " Vif Ko =0, (4.6)
Then the following result holds.
LEMMA 4.1. Let A € O%. Then
rank D(A) = rank S2(A) +d —r, (4.7)
and SE(A) € Hqir(C).

Proof. By (2.4), rank(F3) =d —r and thus (4.7) holds. To prove SZ(A) e
Ha+r(C), it suffices to show that

(B, — I))Py ' + By J(BE1 Pyt + Iy — Ey) ™! € Hya(C). (4.8)
Direct computation gives
(Py'Ey+ Iy — EV[(BEy — 1a)Py ' + B
=[Py (B — Ig) + By J(E\ Pyt + Iy — Ey).
Since (PoflEl +1I;— Ep) and (E1P071 + I; — E) are invertible, we have
(B1 — L) Py + EZ)(BEx Py + 1y — EBy)
= (Py'Ey + 1y — By) 7Py N(EL — 1) + B4,

which yields (4.8). O
Define

By :={AecB“ | (D)) =k}, 0<k<2d, (4.9)

BT = (A € OF |10 = r2(SR(A)), r*=r*(SR(A)}  (4.10)

for nonnegative integers r°, r* with r* +r~ +r* = d + r. Equation (4.9) gives the
2d + 1 layers in B¢, while (4.10) divides O% into different areas. Theorem 4.4 below
indicates that the n-th eigenvalue exhibits the same jump phenomena in any given
area. By lemma 3.4, we have the following result.

LEMMA 4.2. #;(0(w,A)) = Nd — k for A € By, and i1 (0(w,A)) = Nd —1° for A €
0+ .-
B% ;7T )

0+ =
LEMMA 4.3. Let A € BV Then
ot

Ut =y 0By

with U. = {B € O% : [|S(B) — S(A)||ma, < €} is path connected for any r° < rf,
rt > Tit satisfying r0 +r+ +r~ =d+r, and £ > 0 sufficiently small.

Proof. The proof is similar to lemma 7.2 in [8]. O
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We are now in a position to give the complete characterization of jump
phenomena of the n-th eigenvalue on the boundary conditions.

THEOREM 4.4. Fizw € 0.

(1) Let 0 < k < 2d. Then the restriction of A\, to By is continuous for any 1 <
n<Nd—k.

(2) Consider the restriction of A, to O%, where K C {1,...,2d}. Let 0 <% <

0t -
r? <d+r andr* > rf Then for any A € Bg“rl 1 ), we have

lim A(B) = —00, 1<n<rt —rf, (4.11)
B;;O‘T+’T_)9B—>A
0 TJEIE An(B) = An_(ﬁ_rj)(A)v
BT sBLA
rT—rf <n<Nd—1°" —(r~ —rp), (4.12)
lim M(B) =400, Nd—7"—(r~ —r)<n< Nd—°.

BT 5B A
(4.13)

Consequently, the jump set is Ui<p<2aBk-

Proof. (1) is a direct consequence of lemmas 3.13 and 4.2. Now, we prove
(2). Note that #i(0(w,A)) = Nd—7} by lemma 4.2. Choose ci,ca € R such
that f#;(o(w,A)N (c1,c2)) = Nd—r{. By lemma 3.5, there exists £ >0 such
that for all B €U. defined in lemma 4.3, we have #(c(w,B)N(c1,c2)) =
0 . —
Nd—19) and c¢1,c2 ¢ o(w,B). It follows from lemma 4.3 that U ) g

path connected. By lemma 4.2, #;(0c(w,B))=Nd—1" for Be Ugro’r+’r_),
and thus #; (o(w,B) N ((—00,¢1) U (c2,+00))) = 1) — 0. Let o(w,B) N ((—00,¢1) U
~ ~ 0 -
(c2,+00)) :=={A1(B) < -+ < Ao_0(B)} for B € u:" ), By lemma 3.15 (1),
either XH(UE(TO’ﬁ’F)) C (—00,¢1) or J\n(uéro’””"*)) C (eg,400) for all 1 < n<
7Y — 0. Then we divide our proof in two steps.
Step 1. We show that

lim A(B)=—0c0, 1<n<rt —rf, (4.14)
RS

lim Mn(B) =X, ety (A), 1t =1 <n<Nd—r°,  (4.15)
[ARSEUES S !
for r+ > rf,r~ =r; and
lim A(B) =M (A), 1<n<(Nd—7") —(r~ —ry), (4.16)

A
BT sBLA

lim M(B) =400, (Nd—r)—(r~ —r])<n<Nd—r" (4.17)
BB A

t et o
for r™ =r",r7 > .
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Consider r* > r{ and r~ = r] . In this case, r{ —7° = r+ —r]". Note that there

exists a unitary matrix M € My, such that
My

SP(A) = M M- M,
0,0
1

where M, = diag{u, . ..,ur+} with g; >0, 1 <i <7, and M_ = diag{v, ...,
v,-} with v <0, 1< j <. Recall that S = S(A). If Ky # 0, we define By =

S (Bt) | Inq] Exc with

(5i5(Bt))ije(1,.d ks td,... kyp+d}

0,4 ,,.-
N S SsFEy LT
- (ESS; E;5:E,) TM B

—r

0,0

+ M,

(4.18)

t > 0 is sufficiently small, and s;;(B;) = s;; if i € {d+1,...,2d} \ Ky or j € {d +

2d} \ Ks. If Ko = (), we only modify (4.18) as

geeey

07";”“"1
(sij(Be))ijeq,...,ay =51+ M thy ot M~
0,0
in the definition of B;. Then By = A,
My
M_ *
SEBy) =M T M* t >0,
0,0

and thus 7°(SR(By)) = r°, r¥(SE(B;)) = r*, which gives B; € Z/lETO’T+

™) More-

over, f1(o(w,B;)) = Nd — % for t > 0, and #; (0(w,Byg)) = Nd — r{. It follows from
lemma 3.13 that for any fixed 1 < n < Nd— Y, An(B.) is locally a continuous

eigenvalue branch for ¢ > 0. Since

D D OTIF+T; *
Sk (Bi,) — Sk(By,) =M (ta —t1)1L + M

rt—r]
0,0

is a positive semi-definite matrix, we get by corollary 3.12 that A, (Bs,)
A (By,) with 0 <t; <ty for all 1< n < Nd —r%. Hence, by lemma 3.16 (4
lim;_ g+ A (By) = —00,1 <n < rt — 7. Therefore, there exists ¢y > 0 such that

)

(4.19)

<
),
at

By, €U and \y(By,) < e1, 1 < n <ot — 1, which yields that A,(By,) =

An(By,). According to lemma 3.15 (1), ;\n(UE(TO’TJr’T_)) = A E(TO’T+’T_)) C
(—00,c1), 1 <n <rt —rf, and (4.14) holds. Thanks to lemma 3.14, we get (4.15).
Consider r+ =7 and r~ > 7. Since (4.16)—(4.17) can be shown in a similar

way, we omit the details.
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Step 2. Show that (4.11)-(4.13) hold for r* > 7.
In this case, ) — 0 = (r* — 7 )+ (r= —r]). It follows from (4.14) and (4.17)

that
lim An(B) = —o0, 1<n§r+—r1",
B:(l)i(r-*—irr)'”m;)BBeA
lim M(B)=+00, Nd—71)<n<Nd—7)+ (" —r]).
r)—(r=—r7 )
e ST E oy TN

This implies that A,(Bi) € (foo,cl) with 1<n<rt—r], and )\n(BNQ) €
(c2,+00) with Nd—7r) <n<Nd—r+(r— —r;) for any fixed Bje€
O _(pt—pF R T rT—r),ry,r
E(T1(+ 1)7 1)andB Eu(1( 1)717 )
Note that (70, r*,r7) = (0 — (r* —r{) = (r— —r]), 7", r] +(r~ —77)). Then
we infer from (4.16) that

lim A(B) =X, (B1), 1<n<Nd—1"—(r~ —r]).
BEIIO’T+’T7)SB—>E~31

Since N > 2, we get that
Nd—r" —(r= =) =rt —rf. (4.20)

Therefore, there exists B; € Ugr wrT) such that )\n(Bg) € (—o00,¢1) with 1 < n <
rt—rf.
On the other hand, (r%7*,r=) =@t =)=~ —ry),rf + 0+ -
7),77). Thus we get by (4.15) that
lim An(B) = A, (4 r+)(]§’>2), r—rf <n< Nd—1°,
BT SBLB, !

which, along with (4.20), yields that there exists B, € Z/{gro’ﬁ’rj such that
A (By) € (c2,+00) with Nd — 1% — (r= —r]) <n < Nd — r°. Therefore, we have
shown

f1(0(w,B3) N (—o0,c1)) =rT —rf, #i(o(w, ]34) N(ca,+00)) =1~ —ry. (4.21)

Note that U ") is path connected and f;(o(w,B)N(c1,c2)) = Nd—r) =
0 _
Nd—1° — (7t —1F) — (/= —17) for all B € 4" Thus we infer from (4.21)
O
and lemma 3.15 (1) that A, (U:" i )) C (—00,¢1) forall 1 <n < rt — 7], and

)\n(l/lg(ro’ﬁ’ri)) C (c2,+00) forall Nd — 1% — (r= —r;) < n < Nd — r°. Then it fol-
lows from lemma 3.15 (2) that (4.11) and (4.13) hold. This, along with lemma 3.14,
implies that (4.12) holds. This completes the proof. O

Jump phenomena of the n-th eigenvalue on the Sturm-Liouville equations
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4.2. Jump phenomena of the n-th eigenvalue on the Sturm—Liouville
equations

Fix a boundary condition A = [(A;, A2)|(B1, B2)] = [S | l2a] Ex € O%. In this
subsection, we always assume that one of the following non-degenerate conditions
holds:

R and Ej(S3E1R™'Sy — S3)Ey are invertible if Ky # 0), (4.22)
R is invertible if Ky = 0, (4.23)
where Ej is defined in (4.3) and R := S1E; + E; — I;. In particular, the assump-

tion holds for any A € O% when K; ={1,...,d} and Ky =0. For any w =
(P~1,Q,W) € OF, we have by (4.1) that

71 o o
(A1P01+B1,Bz)—(RPO Fola-E)+ By Sila— E) )

Sy(EyPy ' + 14— Ey) S3(Ig — Ey) + B,

Then
R™1 0 _
(S;ElRl _Id> (Alpo ! +Bl7 BQ) (424)
Pyt 4+ RY(S1(Iy— E)) + E1) R 'So(ly — E)
= S3|Ey —Ig+ EyR™1 (S3E1R™1Sy — Ss)
(S1(Iq — Er) + Ey)] (I — Eq) — Es

Next, we analyse the partitioned structure of the matrix above.

LEMMA 4.5. [El — I+ ElR_l(Sl(Id — El) + E1)]R* =1; and S;ElR_ng —
Sy € Ha(C).

Proof. Direct computation gives

[El — Iy + ElRil(Sl(Id - El) =+ El)}R* =I1,— FEi + ElRil(Elsl — S+ SlEl).

Since
E\R™' = (F\S, +E, — 1) 'Ey, (4.25)
we have
Iy — E1 + ElRil(Elsl —S1+ SlEl)

=1I;— B+ (F\S1 + By — 1) 'E1(E 81 — S1 + S1Fy)

=14— E1+ (B1S1 + E1 — 1) ' E1S1 F

=1;—E1 + (B S1 + Ey — 1)) Y (E\S, + E, — I))E, = I,.
S;E1 RSy — S3 € Ha(C) follows directly from (4.25). O
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By lemma 4.5, we have S3[E1 — Iy + E1R™Y(S1(Ig — E1) + E1)] = (R71S;)*. In
the case that Ky # 0, we define
Tl = Rilngo, TQ = ES(S;ElRilsg - S3)E0.

Then by assumption (4.22) and lemma 4.5, Th € H,(C) is invertible. Direct
computation implies that

(Id —1j1T21> (P01+R—1(slgfd—El)+E1) T

B
0 it Tr T2> (I 0 -T,'Ty 1)

(4.26)

B (P0—1 +RY(S\(Ig— Ey) + Ey) — Ty Ty ' T o>
- 0 I.)°

In the case that Ky = (), we have E5 = I;. Then the next transformation after (4.24)
is

Pyt + RY(S1(Is—Ey)+E) 0O I; 0

( u )G (4.27)
(PP 4+ RS (I~ E)+E) 0
- 0 ;)

where R = S3[E) — I, + EyR™(S1(I; — E1) + E))]. For any w € Q%;, we define

T(Ww) =Py ' + RYS\(Ig — By) + By) — ThTy M T7 if Ko 0, (4.28)
T(Ww):= Py + R7Y(S1(Iq — E1) + Ey) if K= 0, (4.29)

and F(w):= (A P;' + By, By) in both cases. Then rank F(w) = rank T'(w) + d.
Moreover, we have the following result.

LEMMA 4.6. Letw € Q%. Then T(w) € Ha(C).
Proof. Since
(S1 = S1E+ E)R* = S1Ey + B\ Sy — S1 = R(S1 — E1Sy + Ev),
and R is invertible, we have
R7(S1 — S1E1 4+ E1) = (S1 — E1S1 + Ey)(RF) ™

This implies that Py ' + R~1(Sy(I4 — E1) + E1) € Ha(C). Since Ty € H,(C) when
Ky # 0, we get T'(w) € Hq(C). O
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Let
I} = max 7°(F(w)).
weas,
Then [; < d. Define
E i ={we Q5 |r'(Fw) =k}, 0<k<Iy, (4.30)
ECT ) = lw e 0% | 0 = 0T (W), ¥ =rE(Tw))}, (4.31)
for attainable nonnegative integers r°, r*, 7~ with r® +rT +r~ =d. The |; +1

layers of Qf; are given in (4.30), while the areas’ division is provided in (4.31). Note
here that not all the nonnegative integers 0 < 70, r* < d satisfying r® +r+ + 71~ =
d can be achievable in general, since Py ' € Py4(C) while it is not necessary that
Py ' — T(w) € P4(C). Similarly, it is possible that I; < d. The following result is a
direct consequence of lemma 3.4.

LEMMA 4.7. #1(0(w,A)) = Nd — k for anyw € &, and f1(o(w, A)) = Nd — 1 for
anyw € '),

Note that the transformations (4.24), (4.26) and (4.27) are independent of w €
Q5. Moreover, the following result holds by the construction of T'(w) and a similar
argument to that in the proof of lemma 7.2 in [8].

_ 0+ .-
LEMMA 4.8. Letw € g(r?,rf,rl ), Then VE(T ) = {0' S Q(E:V : ||0' _w||C(3N+1)d2 <

ern T s path connected for any 0 < 0 < 9, rE > satisfying r® +rt +
r~ =d, and € > 0 sufficiently small.

THEOREM 4.9. Fiz A € O%.

(1) Let 0 < k <ly. Then the restriction of X\, to & is continuous for any 1 <
n < Nd-—k.

(2) Consider the restriction of A, to Q. Let 0 < 10 < 79 <1y andr* > r. Then
for any w € g(r‘fwf’,rf)’ we have

lim An(0) =—00, 1<n<r —rf, (4.32)
£00rr ) 30w
1i MO =A (),
5(7‘0v7"+,1‘ql)9¢7*>u (U) n—(r=—r; )( )
r~—r; <n<Nd—r"—(rt —r), (4.33)
lim (o) = +00, Nd—7"— (T —r)<n< Nd—°.

g0t r )50

(4.34)
Consequently, the jump set is Uity Ek-

Proof. By lemma 4.7, #1(0(w,A)) = Nd—Fk for any w e &;. It follows from
lemma 3.13 that (1) holds. Choose ¢1,c2 € R such that #;(c(w,A)N (c1,¢2)) =
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Nd — 9. Then lemmas 3.5, 3.15 (1) and 4.8 ensure that for o € V' " ) with
€ > 0 small enough, all the eigenvalues of (o, A) outside [c1, ¢2], denoted by A1 (o) <
~ ~ 0 - - 0 N
- < Apo_y0(0), satisfy that either Ay, ( 3 U )) C (—00,¢1) or A\p( r Ak )) C
(c2,4+00), 1 <n < 7Y —r% Then we divide our proof in two steps.
Step 1. We show that

lim An(0)=—00, 1<n<r™ —rf, (4.35)
G0t ) 5w

. _ - - 0
g(TO,ﬁl,lrIP) o An(0) —/\n_(T,_r;)(w), rm—r; <n<Nd—r (4.36)
for r= > r, 7T =r; and
lim M) =M\ (w), 1<n<(Nd—7— (T —r]), (4.37)

£t ) 50w

lim M(0) =400, (Nd—7")— (T —rf)<n< Nd—r" (4.38)
E@O T )50 s
for r= =r 7t >,

We only prove (4.35)—(4.36), since (4.37)—(4.38) can be proved similarly. Let
L € M4(C) be a unitary matrix such that T'(w) = Ldiag{fi, ..., fiq}L*, where fi;,
1 < i < d, are the eigenvalues of T'(w) and iy = --- = fi,0 = 0. Recall that Pyl (w)
is used to indicate its dependence on w, while all the components of w except Py !
are fixed. Define

tIr(f—rO

Pyoy) = Pyt (w)+ L ( 00 0)) L (4.39)
—(ri—r

with ¢t < 0 small enough. Then 0p = w and o, € VgTO’T+’T )t < 0. Since Pyt (os,) —
Pyt(o4,) is a positive semi-definite matrix for ¢; <ty <0, we infer from
corollary 3.10 and lemma 3.13 that \,(o4,) = A\, (04,) for each 1 < n < Nd —r°.
Hence, by lemma 3.16 (1), lim; ,g- An(0:) = —00,1 < n <7~ —r; . Then we get by
lemma 3.15 that S\H(VETO’TJr’F)) = )\n(VE(TO’TJr’F)) C(—o00,c1), 1<n<r™ —ry,
satisfy (4.35). This, along with lemma 3.14, yields (4.36).

Step 2. Show that (4.32)-(4.34) hold for r* > ri.

By (4.35) and (4.38), we have \,(61) € (—o0,¢1) with 1 <n<r~ —r], and
A (G2) € (2, +00) with Nd —7) <n < Nd—7r)+ (rt —r]) for any fixed 6, €

E(T?_(T —r ) and oy € V,S(T?_(T+_T;r)’r+’T1 ). Then we infer from (4.36)—(4.37)

that

lim (@) =Ai(61), 1<n<Nd—r"— (@t =),

gt r )56 56,

(o) = )\n_(T__T;)(&g), rT—r] <n<Nd—°.

g0t r )56 16,

0+ .-
Since Nd —r° — (r* —r{) > r~ — r], we obtain that there exists 3 € pirrr)

such that A,(63) € (—o0,¢1) with 1<n<r~ —r;, and there exists o4 €
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VI Such that A (64) € (2, +00) with Nd — 70 — (r+ — ) <n < Nd — 0.
This implies that

t1(0(, A) N (=00, 1)) =77 =71, ti(o(a, A) N (ca, +00)) =T —rf

for all o € V""" ). Then lemma 3.15 (2) ensures that (4.32) and (4.34) hold.
Finally, (4.33) is obtained by lemma 3.14. |

5. Applications to d-dimensional Sturm—Liouville problems of Atkinson
type

Consider the d-dimensional Sturm—Liouville problem of Atkinson type with d > 1.
The continuous Sturm—Liouville equation is

- (pyl)/ + Qy - )‘Wy on (aa b)7 (51)
where P, Q and W are d x d Hermitian matrix-valued functions on [a, b], and
P71.Q,W € L((a,b),C™?).

The self-adjoint boundary condition is given by

—y(a) ) < (Py)(a) >
A +B( \. =0, 5.2
< y(b) (Py')(b) )
where A and B are 2d x 2d complex matrices, where A and B satisfy (1.6). Let
u =1y and v = Py’. Then (5.1) is transformed to

u = Py,
{ v = (Q — A\W)u, (5:3)

on (a,b). Equation (5.1) is said to be of Atkinson type if there exists a partition of
the interval (a,b),

a=ag<bg<ar<b<---<an<by=b

for some N > 1 such that
bi
P '=0on [a;,b)], W;:= / W (s)ds € P4(C), 0<i <N, (5.4)
a;
and

Q=W =0on [bj_1,a;], Pj_l ::/ P~1(s)ds is invertible , 1 < j < N.
b1

(5.5)
Note that (5.1) is a formal equation due to the definition of P~ in (5.4). The
conditions (5.4)—(5.5) for Atkinson type should be understood in the sense of (5.3),
where P~ is regarded as a notation, see also (1.3) and (2.2) in [12], or (1.2) and
(H4) in [15]. A d-dimensional Sturm-Liouville problem is said to be of Atkinson
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type if it consists of (5.1) of Atkinson type and a self-adjoint boundary condition.
A 1-dimensional case has been studied in [1, 4, 12, 15]. In this section, we always
assume that (5.1)—(5.2) is of Atkinson type. The space of Sturm-Liouville equations
of Atkinson type is

Q= {(P-%Q,W) € (L((a,b),C¥))3 ;. (5.4)-(5.5) hold}

with topology induced by (L((a,b), C**%))3. & = (P=1,Q, W) is used for an element
in 2. Note that the space of self-adjoint boundary conditions is also B¢ defined by
(2.1). Set

b
Q; = / Q(s)ds, 0<i<N.
Tt follows from (5.4)—(5.5) that if (u,v) is a solution of (5.3), then u(t) = u; € Mgx1

is a constant vector on [a;, b;], 0 < i < N, and v(t) = v; € Myx1 is a constant vector
on [bj_1,a,], 1 < j < N. Furthermore, we define

vo =v(a), ovny1=v(b), u_1 =uy— v, UN{1 = UN + UNF1- (5.6)
We construct a d-dimensional discrete Sturm-Liouville problem as follows:
— V(I:’iHAui) + Qiu; = \Wyu;, 0<i <N, (5.7)
where PN+1 = ]50 = I, and a boundary condition
A(u'ZJLVO)jLB(AAZ;):o, (5.8)
where A and B are given in (5.2). By writing A and B into the form (3.2), direct

computation implies that (5.8) is equivalent to the standard discrete boundary
condition:

s ) (0 ) - (R0 ) =0 (5.9

Now we show that (5.1)—(5.2) is equivalent to the constructed discrete
Sturm—Liouville problem above.

LEMMA 5.1.

(1) (5.7)—(5.8) is a self-adjoint discrete Sturm—Liowville problem.

(2) (5.1)(5.2)) is equivalent to (5.7)—(5.8).
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Proof. Firstly, we show that (1) holds. Since A and B satisfy (1.6), we have

A1 BY + A3 B; = B1 A} + B2 A, and rank (A, B) = 2d.

Thus
B — A
Ay, A i 1*)AB*AA*+AB*
(A1, 42) (mathbf32 121 24 252
— BLAT — Ay AT 4 BoAs = (B — Ay, By) [ AN
- 1411 1417 249 — 1 1, D2 mathbfA§ B
and
I, 1,
rank(Ay, Ay, B — Ay, By) = rank | (4, B) Ia ; _2d.
d

14

It follows that (5.9) is a self-adjoint boundary condition. Since pj.l,.l,@i,Wi are
Hermitian, Pj; is invertible, and W; € P4(C) for 0 <i < N and —1 < j < N, we
have

T (= ({p]fl}j'vzzlv {Ql}ivzo, {Wl}i\io) = Q(JCV—I-l'

Hence, (1) holds.

Next, we prove (2). It suffices to show that (5.3) with (5.2) is equivalent to
(5.7)—(5.8). Let (u,v) be a solution of (5.3). Since v = v; is a constant vector on
[bi—1,a;], we have

w; — ui—1 = u(a;) —u(bi—1) = /ai u'(s)ds = /ai P~Y(s)v(s)ds = P oy

bi—1 bi—1

for any 1 < < N, which, together with (5.6) and the fact that PNH =Py =1,
yields that

Since u = w; is a constant vector on [aj,b;], we obtain

vj+1 —v; = v(bj) — v(a;) (5.11)
b; bj . N N
= [ vsas = [ (@) - AW s))uls)ds = (@ - MW,

for any 0 < j < N. Then (5.7) is obtained by combining (5.10)—(5.11).
Conversely, let {u;}X ™ be a solution of (5.7) and define v; = P;(u; — u;_;) for

0<i< N+1. Let u(t) =u; for all t € [a;,b;] and 0 < i < N, v(t) = v, for all t €
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[bj—1,a;] and 1 < j < N, v(a) = vo, and

Pil(S)Ude, te [bj,l,aj],

u(t) = u(bj_1) + /t

bj—1

t A A

v(t) = v(a;) Jr/ (Q(s) — AW (s))u;ds, t € [ag,by].
Then (u,v) is a solution of (5.3).

Moreover, y(a) =ug, y(b) =uy, (Py)(a)=v(a)=up—u_1=Au_; and

(Py")(b) = v(b) = un41 — uny = Auy. Thus (5.2) is equivalent to (5.8). O

By transforming the Sturm-Liouville problem of Atkinson type to the discrete
case, we can now determine the number of eigenvalues in the following lemma,
which generalizes theorems 2.1 and 3.1 in [15] for 1-dimension to any dimension.

LEMMA 5.2, Let (&,A) € Q x BC with A given in (3.2). Then the eigenvalues of
(@, A), including multiplicities, are the same as those of (T,A) = (1,C), and

0@, A)) = t(o(r,A)) = f1(o(7, C)) = (N — 1)d + rank(B),
where T € QF ., is the transformed discrete Sturm-Liowville equation by @, and
C = [(A1, A2)|(B1 — Ay, By).

REMARK 5.3. Note that here A is under the basis (—ug, un, Au_1, Auy) when we
write (1, A), while C is under the standard basis (—u_1, un, Au_1, Auy) when we
write (7, C). In this sense, (1,A) = (7,C).

Proof. By lemma 5.1 (2), (&, A) is equivalent to (7, A) = (7, C), and Py = I;. Then
applying lemma 3.4 to (1, C), we have

f1(0(@,A)) = t1(o(7,C))
= ((N +1) = 2)d 4 rank(4, Py * 4 (By — A1), By) = (N — 1)d + rank(Bj, B,).

This completes the proof. O

Then we study jump phenomena of the n-th eigenvalue of d-dimensional
Sturm—Liouville problems of Atkinson type. We first claim in proposition 5.4 below
that there is no singularity of the n-th eigenvalue on the equations. In fact, for a
fixed A € B, we infer from lemma 5.2 that #,(c(&, A)) is independent of & € €.
This, together with lemma 3.13, implies the following result.

PROPOSITION 5.4. Fiz A = [A | B] € B®. Then the n-th eigenvalue is continuous

on the whole space of Sturm—Liouville equations of Atkinson type Q foralll <n <
f1(c(@,A)) = (N — 1)d + rank(B).

Next, we consider jump phenomena of the n-th eigenvalue on the boundary con-
ditions. Lemma 5.2 indicates that it suffices to study jump phenomena of the n-th
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eigenvalue of (1, C) = (1, A) for the fixed 7. The coupled term B; — A; in the stan-
dard boundary condition C makes it hard to apply theorem 4.4 to (7, C) directly.
We shall apply the method developed in §3 and 4 to the discrete Sturm—Liouville
problem (7,A) and provide a direct proof here. In order to study jump phenom-
ena in a certain direction, we need the derivative formula of a continuous simple
eigenvalue branch.

LEMMA 5.5. Fiz 7 € QF, . Let A, be a simple eigenvalue of (T, A) for A € OF,
u € l[—1, N + 1] be a normalized eigenfunction for A., and A be the continuous
simple eigenvalue branch through \.. Then we have the following derivative formula

dA|a(H) = 2" B \HEx \ Z
for H € Ha4(C), where
7" = (_7-’617“,1]\}7 (Au,l)T, (AUN)T)

REMARK 5.6. Lemma 3.11 is unable to be directly applied here due to the different
basis. Note carefully that Z in lemma 5.5 is different from Y in lemma 3.11.

Proof. Recall that there exists S € Hoq(C) such that A =[S | Ig]Ex. Let B =
[S+ H | I2q|Ex with H € Ho4(C). Then by lemma 3.7, there exists an eigenfunc-
tion @ = {@;} "} for A(B) such that & — u in CN*24 a5 B — A. Note that @
and u satisfy

— V(Pr1 A1) + Qiti; = A(B) Wiy,

- V(P,HAuz) + QzuL = A(A)WILUZ, 0 < ) N

N

9

and thus

N
(AB) — A(A) > @ Wiu; = [u_y, iy | — |un, iy
=0
= Upu—y — U ug — [un, iy |
= (Ali_1) ug — G5(Au_y) — |un, Gy,

where |u;, 4;] = (Aﬂi)*PiHUi - afﬁiHAui. A and B tell us that SEx1Z +
Exs2Z=0and (S+ H)Ex1Z + Ex2Z = 0. Then we infer from (2.5) that

N
(AB) — A(A)> a;Wiu; = Z*Ey J35,Ex Z = Z"Ej \HEg 1 Z.
i=0
This completes the proof. O

As a consequence, we get the following conclusion.

COROLLARY 5.7. Let A be a continuous eigenvalue branch defined on U C O%.
Then A(A) < A(B) if A,B €U and S(B) — S(A) is positive semi-definite.
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Let the k-th layer in B be defined as
Spi={AeB"|B)=k}, 0<k<2d
Then the following result is a direct consequence of lemma 5.2.

COROLLARY 5.8. Fiz & € Q. Then
(1) t1(o(@,A)) = (N +1)d —k for all A € 5.
(2) fi(c(@,A)) = (N +1)d for all A € Of.
For a mnonempty subset K ={ni,...,nm,} C{1,...,2d}, we define Ey =
(€nys---s€n,, ), and
SP(A) = E3S(A)E, (5.12)
where A € O%, and ¢; is the i-th column of I»4. The divided area is defined by
0 pt
T T = {A € ORIP(SR(A)) = 1 r = (SR(A)) = r¥)

for three nonnegative integers r°, »+ and r~ satisfying r° + r* +r~ = mg. Then
we are ready to provide the complete characterization of jump phenomena of the

n-th eigenvalue for the Atkinson type.

THEOREM 5.9. Fiz & € ().

(1) Let 0 < k < 2d. Then the restriction of A, to f]k is continuous for any 1 <
n < (N +1)d — k. Moreover, the restriction of A, to (’)g is continuous for
any 1 <n < (N+1)d.

(2) Consider the restriction of \, to O%, where ) # K C {1,...,2d}. Let 0 <

0t -
r0 < r) <H(K) and r* > rf Then for any A € Jl(:l’rl " ), we have

lim M(B)=—00, 1<n<rt —rf, (5.13)
g B oA
o AB) = (),
JEOrTr T sBLA
rt—rf<n<(N+1)d—7"—(r~ —r]), (5.14)
lim An(B) = 400,
T sBoA
(N+1D)d—=7"—(r~ —r]) <n < (N+1)d-r° (5.15)

Consequently, the jump set is Ulgkggdik.

REMARK 5.10. Note that S#(A) is independent of the Sturm-Liouville equations
of Atkinson type, while SZ(A) defined in (4.5)—(4.6) is indeed involved heavily with
the coefficient F” L of the discrete equations.
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Proof. We study the equivalent discrete Sturm-Liouville problem (7,A). (1) is
straightforward by lemma 3.13 and corollary 5.8. Next, we show that (2) holds.
Choose c1,co € R such that f1(o(1,A) N (c1,¢2)) = (N + 1)d — r{. Tt follows from
lemma 3.5 that #1(o(7,B) N (c1,¢2)) = (N +1)d — r{ with ¢1,c2 ¢ o(7,B) for all
B € U., defined in lemma 4.3, and £ > 0 small enough. Lemma 7.2 in [8] implies

A(ro rt r) (7‘0 rt rT) .
that s~ =UNJp 7 is path connected. Note that
f1(o(1,B) N ((—00, ¢1) U (c2, +00))) = r{ —1° (5.16)

for B € LA{ETO’T+’F).
We show that if »+ > r] and r= =r, then (4.14")—(4.15") hold. Similarly, if
r* =7 and = > r|, then (4.16")-(4.17") hold. Here (4.14")-(4.17") are defined as
0 - 0 - ~
(4.14)~(4.17) with BY 777 and N replaced by J ") and N+ 1. Let M €
M, be the unitary matrix such that Sg(A) = Mdiag{:?l, .. .,f/mo}M*, where

mg = #(K) and 7 = -+ = i,0 = 0. Define By = [S(B;) | [2a] Exc with
R - (tI .
SAB,) = SAA) + N THr M,
Omof(r"'frr)

t>0 is sufficiently small, and s;;(B;) = s;;(A) if i€ {1,...,2d}\ K or je
{1,...,2d} \ K. Since S(By,) — S(By,) is a positive semi-definite matrix for t, >
t; > 0, it follows from lemma 3.13 and corollary 5.7 that A, (B.) is non-decreasing
on t € (0,¢) for each 1 <n < (N +1)d — Y, where ¢ > 0 is small enough Hence,
by lemma 3.16 (4), lim;_g+ A, (B;) = —00,1 < n < rt —rf =) — 70 This, along
with lemma 3.15 and (5.16), yields that /\n(LA{ET i N (—o0,e1), 1<n<rt —
7, and (4.14) holds. Then we get by lemma 3.14 that (4.15") holds.

Finally, we prove (5.13)—(5.15) for r* > 7"1 It follows from (4.14') and (4.17)
that A, (A1) € (=00, ¢1) with 1 <n <7t — 7, and A\, (Ay) € (¢2, +00) with (N +

" A —(rt =) et
DNd—7r? <n< (N+1)d -7+ (r~ —ry) for any fixed A; 7 Tt
+ —
and A, € U(Tl (=)o) Purthermore, we  have by (4.16") that there
exists ASEUT 77) Such that An(A3) € (=00 cl) with 1<n<rt —rf. It
follows from (4.15') that there exists Ay € u! rTT) such that An(Ay) €
(ca,+00) with 7+ —rf < (N+1)d—7"—(r~ —7r]) <n < (N + )d—rO Then
A (20 —
we get by lemma 3.15 (1) that /\n(ug““ i )) (—oo,cl) for 1<n<rt —rf,
~ (0 —

and A, ( (r i )) C (e2,+00) for (N+1)d—7"—(r~ —r;{)<n< (N+ 1)d —
r0. Thanks to lemma 3.15 (2), we get (5.13) and (5.15). Then (5.14) is a direct
consequence of lemma 3.14. The proof is complete. 0

6. Conclusions and comparisons of jump phenomena of the n-th
eigenvalue among continuous case, discrete case and Atkinson type

In this section, we compare jump phenomena of the n-th eigenvalue among the
Sturm-Liouville problems for the continuous case (1.1)—(1.2) in [8], the discrete
case (1.3)—(1.4), and the Atkinson type (5.1)-(5.2).
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(i) Comparison of jump phenomena on boundary conditions.

According to theorem 7.1 in [8], theorems 4.4 and 5.9, the jump phenomena on
the boundary conditions are determined by the constructed Hermitian matrices,
which are S (A) given in (4.2) of [8] for the continuous case, SE(A) defined in
(4.5)—(4.6) for the discrete case, and Si(A) defined in (5.12) for the Atkinson type,
where A € OF%.

For the continuous case, theorem 7.1 in [8] tells us that the first m, eigenvalues
jump to —oo as a path of boundary conditions from the lower layer of O% tends to a
given boundary condition in the upper layer. Here the jump number m, is exactly
the number of transitional eigenvalues (from positive to zero) of the determined
Hermitian matrices. It is further shown that this number is the Maslov index of the
path of boundary conditions in a forthcoming paper.

For the discrete case, theorem 4.4 indicates that not only the first m_ eigenvalues
jump to —oo, but the last m;{ eigenvalues also blow up to +oo as a path of boundary
conditions from the lower layer tends to a given boundary condition in the upper
layer. Here the jump number m; has the similar meaning as m, in the continuous
case, while m is the number of transitional eigenvalues (from negative to zero) of
the determined Hermitian matrices.

For the Atkinson type, theorem 5.9 renders both similar jump phenomena to +oo
with numbers mF as in the discrete case. However, mf # m7 in general, which is
due to the fact that the determined Hermitian matrices are different, i.e. SZ(A) #
S4(A). Tt is also interesting to see that the determined Hermitian matrices for
the continuous case and the Atkinson type are the same, i.e.S¢(A) = S#(A). The
jump set in the Atkinson type coincides with that in the continuous case. This, in
particular, provides a direct consequence: m, = m, .

The determined Hermitian matrix is independent of coefficients of the
Sturm—Liouville equations for the continuous case and the Atkinson type, while
the coefficient Py ! involves heavily in the Hermitian matrix for the discrete case.
In addition, the order of the determined Hermitian matrix is d + #(K>) for the dis-
crete case, while it is §(K) for the continuous case and the Atkinson type. This
implies that the maximal jump number in the discrete case is always no less than
that in the continuous case and the Atkinson type.

(ii) Comparison of jump phenomena on the equations.

Based on theorem 6.1 in [8], theorem 4.9and proposition 5.4, the n-th eigenvalue
has no singularity on coefficients of the Sturm-Liouville equations for the contin-
uous case and the Atkinson type, while indeed exhibits jump phenomena when
coefficients of the Sturm—Liouville equations vary for the discrete case.

For the discrete case, theorem 4.9 also provides jump phenomena to both +oo
with jump numbers Théﬁ as a path of equations from the lower layer of Qf; tends to
a given equation in the upper layer. The determined Hermitian matrix is given by
T'(w) defined in (4.28)-(4.29). m, is the number of transitional eigenvalues (from
negative to zero) of the determined Hermitian matrices, while Th;r is the number
of transitional eigenvalues (from positive to zero) of the determined Hermitian
matrices. Here the reverse direction for the transitional eigenvalues in the definitions
of mdi and mj; is essentially due to the opposite monotonicity of the continuous
eigenvalue branches, see corollaries 3.10 and 3.12.
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(iii) Comparison of the method in the proof of jump phenomena.

Compared with the continuous cases in [8] and [13], the jump set in the discrete
case is involved heavily with coefficients of the Sturm—Liouville equations. Moreover,
the finiteness of spectrum for the discrete case or the Atkinson type makes the
method for the continuous case (e.g. continuity principle in [8, 13]) invalid here.
Compared with the 1-dimensional discrete case in [22], the first difficulty is how
to divide areas in each layer of the considered space such that the n-th eigenvalue
has the same jump phenomena in a given area. We study jump phenomena by
partitioning and analysing the local coordinate systems, and provide a Hermitian
matrix which can determine the areas’ division. As mentioned in the Introduction,
our approach to proving the asymptotic behaviour of the n-th eigenvalue here should
be taken as a generalization of the method developed for 1-dimensional discrete case
in [22] to any dimension.

Finally, we list several determined Hermitian matrices as follows in 2-dimensions
to exhibit how the difference is between the continuous case (Atkinson type) and
the discrete case. The orders of the determined Hermitian matrices for the discrete
case are larger than those for the continuous case (Atkinson type) in (2)—(3), (5)—(6)
and (8). On the other hand, these orders are the same in (4), (7) and (9). Even
though, for example, the maximal jump number is 1 in the continuous case and the
Atkinson type, while it is 3 in the discrete case when K = {3}. However, it is both
2 in any case when K = {1,2}.

Let

P0—1 _ <P1 P2>
P2 P3

for the discrete case.

1) K =0.

P3 D2
0 Sz~ ———
pips — \p2\ pips — |p2|
_ D2 D1
S12 = 0

p1p3 — |p2| P13 — |p2|

S11 +

SK(A) =

and there are no S¢(A) and Si(A), since there is no singularity for the continuous
case and the Atkinson type when K = (.

2) K = {1}.

pips — |2 P2

S11 — 7103 12 — pT),

SR(A) = Si(A) = (s11), SR(A)= _ )
S12 — P2 So9 + —

P3 ps3

(3) K = {3}.
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SK(A) = Si(A) = (s33),

p3 P2
Siit —————5 S22~ —————5 813
p1p3 — |p2] p1p3 — |p2|
SRA) = 5, —P2__ P s
P13 — |p2| p1ps — |p2|
S13 So3 533
(4) K = {1,2}.

o
SR(A) = SR(A) = (siyhi<ijcz:  SR(A) = ( -
12 — P2

(5) K = {1,3}.

SE(A) = SE(A) = (si7)ije(1.3}>
‘2

pip3 — \Pz P2
S11 — ———————————  S12 — —
p3 p3
SE(A) = _ p 1
K( ) 519 — 12 S99 + —
ps3 ps3
S13 S23
(6) K ={3,4}.
SR(A) = Sg(A) = (sij)3<ij<4s
B
P1p3 — |p2l p1p3 — |po
D S12 — Pz S22 + o
SK(A) = pip3s — |pz|2 pip3s — \P2\2
S13 So3
S14 S24
(7) K ={1,2,3}.
N S11 — P1
SR(A) = SR(A) = (siji<ij<s, SR(A) = | 512 — Do
513
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S12 — P2
S22 —p3)

523

533

S13  S14

S§23  S24

5§33 S34

S34  Sa4

S12 — P2 S13

S22 —P3  S23
S23 S33
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(8) K ={1,3,4}.

SIC((A) = S}%(A) = (Sij)i,je{1,374}7

2
p1p3 — |pa D2
S11 — —————— — — 813 S14
p3 p3
D - P2 1
Sk(A) = S12 — — S92 + —  S23  S24
b3 b3
S13 523 533  S34
S14 S24 S34  S44
(9) K ={1,2,3,4}.
S11 —P1 S12 — P2 S13  Si4
S12 —P2 S22 —P3  S23  S24
SCA :SAAZS-'1<"<4 SDA: _ _
£(A) = SEA) = (shiciyen, SR(A) = | T2 P2 cmmdn s o
S14 So4 534 Sa4
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