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RATIONAL INTERPOLATION OF THE EXPONENTIAL FUNCTION

L. BARATCHART, E. B. SAFF AND F. WIELONSKY

ABSTRACT. Let m,n be nonnegative integers and B™*" be a set of m + n + 1 real
interpolation points (not necessarily distinct). Let Ry = Pun/Omn be the unique
rational function with deg Pp, , < m, deg O < n, that interpolates €* in the points of
B {fm = m,, n = n, with m, +n, — oo, and m, /m, — X as v — 0o, and the sets
B™*") are uniformly bounded, we show that

Prn(2)— /0N, 0, 1 (2) — €72/

locally uniformly in the complex plane C, where the normalization Q0 »(0) = 1 has
been imposed. Moreover, for any compact set K C C we obtain sharp estimates for
the error |€F — Ry (z)] when z € K. These results generalize properties of the classical
Padé approximants. Our convergence theorems also apply to best (real) L, rational
approximants to ¢* on a finite real interval.

1. Introduction. The study of Padé approximants to the exponential function &
was initiated by C. Hermite [8] and continued by his student H. Padé [12] [13] [14].
Given a pair (m, n) of nonnegative integers, the Padé approximant of type (m, n) to & is
the unique rational function

R, =P[O, with degP) =m, degQl,=n, ), (0)=1,
that satisfies
1.1 &€ — Ry (2)=0E""") asz—0;

that is, R?,,y,, interpolates ¢€° in the origin taken of multiplicity m + n + 1. (The superscript
0 is used to emphasize that the interpolation points are all at z = 0). Unlike Padé
approximants to most other functions, it is possible to write simple explicit formulas for

P}, and O, :
_ (m+n—j)mz < (m+n—jn!(—zy
(12 Poy@) 2 mrmim Onsl@) 2wl

The properties of these approximants form a classical subject that has application to
number theory (Hermite’s proof of the transcendency of e and Lindemann’s proof of
the transcendency of 7; ¢f. [21]), the stability of numerical methods for solving differ-
ential equations (¢f. [9], [23]), and continued fraction representations for the efficient
calculation of the exponential.
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Padé proved (cf. also [15]) that any sequence {RY, ,} for which m+n — oo converges
to € locally uniformly in the complex plane. (In particular, the zeros and poles of
such Padé approximants all tend to infinity). Moreover, if m = m, and n = n,, where
my, +n, — oo and m, /n, — X as v — 00, then the Padé numerators P?,,,, and Padé
denominators Q?,,n themselves converge:

lim P), , ()= /"™, lim 05, , (2) = e /™.
V—00 r—00

The location of the zeros and poles of the R?n’,, has also been a subject of substantial
interest (cf. [20], [23]) for they display an elegant behavior of relevance to the stability
of numerical methods as applied to the test differential equation y'(x) = 1p(x).

It is therefore somewhat surprising that the study of so-called multi-point Padé ap-
proximants to &, that is, rational functions that interpolate ¢* in some fixed triangular
scheme of points, has till now only received little attention. In the case when interpolation
points {xf(z")}%ﬁo all lie in some fixed interval of the real axis of length o with o < 2,
P. Borwein [4], [5] has obtained estimates for the error

€ — Ry (),
where R, ,(x) interpolates €* in {xf")}%ﬁo. However, his estimates (which are given only
for the diagonal case m = n), while sharp up to a multiplicative constant, were only
shown to hold for x in the same interval as the interpolation points and the multiplicative
constants involved become unbounded as the length « of the interval tends to 2.

The purpose of the present work is to analyze the behavior of multi-point Padé approx-
imants to €° for any triangular scheme of real interpolation points that belong to some
fixed interval (of any finite length). For such points we establish a generalization of the
convergence properties of the classical Padé approximants which have all interpolation
points at z = 0. Furthermore, we obtain sharp (up to multiplicative constants) error esti-
mates for these multi-point interpolants which are valid at every point z in the complex
plane C. Also, we apply our results to the study of best (real) L, rational approximants
to €* on a finite real interval.

2. Statements of main results. We list our main results first, deferring their proofs
to the next section.

THEOREM 2.1. Let B = {x\"*"}mn m = m,, n = n, be a triangular sequence of
(not necessarily distinct) real interpolation points contained in the interval [—p, p] such
that

2.1 lim m, +n, = 00,
V—00

and denote by Ry, = Py | Omn the rational function of type (m,n) that interpolates &
in B Then

lim R, ., (z) =€
=0
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locally uniformly in C. If in addition (m,n) is a ray sequence, that is,

2.2) lim 22 =) (0< A\ < +oo),

V=00 1y,

we have as v — 00
2.3) Pry @) — &/ and Oy (2) — e/

locally uniformly in C, where Q. », is normalized so that Oy, , (0) = 1.

The above statement tacitly assumes that R,,, ,, has no pole at zero. We shall see in
Lemma 2.4 that this eventually becomes true as v increases to infinity. In the case where
m, > p — 1, the nonvanishing of O, ,, at zero also follows from Proposition 2.8.

For simplicity, we shall usually omit the subscript v in the sequel, writing m instead
of m, and n instead of n,. The convergence asserted in Theorem 2.1 can be further
estimated as follows.

THEOREM 2.2. Let B™™, m = m,, n = n, and R, be as in Theorem 2.1, where it is
assumed that (2.1) and (2.2) hold. For K C C a compact set, define

c=minlel, o= max|el,

and put
Com el ¢, = I,

Then, for any positive real number o < 1, there exists a positive integer L such that the
rational interpolants R, ,(2) to € satisfy for all z € K

min (m+n)(m+n+1)!

24 aC0H|z x| < |& — R,,,,,()|< le x|

m!n!
assoonasm+n > L.

From Theorem 2.2 we shall deduce absolute error bounds which do not depend on a
particular ray sequence, namely:

THEOREM 2.3. For K C C a compact set, let ¢y and ¢, be as in Theorem 2.2. Define
my to be c% ifco < 1 andto be 1 otherwise. In a symmetric manner, let m; be cf ifep >1
and 1 otherwise. Then, for any positive real number oo < 1, there exists a positive integer
L depending only on p, K, and o such that any rational interpolant R, ,(z) of type (m, n)
to & in m+ n+ 1 points of [—p, p] satisfies forall z € K

2.5)

min m+n)!(m+n+1
(Xe_me H !Z‘xﬁmm)I S ( ) ( )
=0

m!n!

€ — Ra(2)] < S H |z =™,

as soon as m+n > L. Inequality (2.5) is sharp, in the sense that it would not hold with
a larger constant than e~ ?my on the left nor a smaller constant than e’m, on the right.
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Let us comment about the sharpness of the bounds; if K consists solely of the complex
number z = ¢ + it and if we choose p = 0, that is, if x}(””") = () for all k, m and n, we get

from (2.4) by letting « tend to 1:

m!n!

(26) |ez - Rm,n(z)‘ = (m + n)| (m +n+ 1)'

g2/ (1 4 o(1)),

which is the correct asymptotic for the well-known Padé approximants (see [6], equa-
tion (5.5), p. 138).
If, for some real ¢, we replace z by z — £ in (2.6) and then multiply by e, we obtain

m!n! i —1/(1+

Q7 |& - eng,n(Z —9)| ~ P |z — g™ +1 G20 /(143) €A1 /(1+X)
Noting that e*R,, ,(z — €) is the Padé approximant to € at £, we see from (2.7) that any
estimate of the error which is uniform with respect to the location of the interpolation
points over [—p, p] must include some exponential factor of p from above and the
reciprocal factor from below as soon as A # 1. This shows, in Theorem 2.2, that the
term e’ appearing in Cp and C), though possibly not optimal, is not a pure artefact of our
approach. We also notice that the estimates (2.4) cannot be improved upon when A = 0
or \ = 00, because they coincide then with the upper bound of the Padé estimates (2.7)
when £ ranges over [—p, p]. Since my and m,, in Theorem 2.3, are respectively equal
to the lower and upper bound of cg/ *Y and c:f/ *Y \when A ranges over [0, o0], the
preceding remark accounts for the sharpness of (2.5).

The proof of Theorem 2.1 relies on the following lemma, which may be of independent
interest.

LEMMA 2.4. Lets(z) be a sequence of monic polynomials with deg s, = n and assume
that their zeros all lie in some disk |z| < p. Let qm n(z) be the monic polynomial of degree n
such that

I+ DY gnn =5, mEN,

where D denotes differentiation. Then the following assertions hold true:
(i) all the zeros of qmn tend to infinity as m + n tends to infinity;
(ii) if m+ n is large enough, so that qma(0) # 0 by (i), the family {qmn/qmn(0)} is
normal in the complex plane;
(iii) if m = my, n = n, satisfy (2.1) and (2.2), then

(2.8) HM. G n(2)/ G (0) = 7/ D
V—00
locally uniformly in the complex plane.

Note that the rational interpolant P, , /O considered in Theorem 2.1 is such that

the ratio
Omn(2)€ — P pn(2)
dmin+i (Z )
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is holomorphic in the whole complex plane, where g+n+1 is defined as

Grnr1(2) = H(z Xy,

We choose to denote this as follows:
(2.9) Onn(2)e" — Ppp(z) = O(qm+n+l(z))-

We now perform a normalization which will be important in the sequel. We denote by
Py, and O, the polynomials which are obtained upon dividing P, , and Q,, by the
leading coefficient of the latter. Hence, Q,,,,,, is monic. We still have

(2.10) Onn@)€ — Pun(2) = O(qmsn1(2)).-

Differentiating this equality (m + 1) times and using the fact that the zeros of gu+n+
are all real, we deduce from Rolle’s theorem that there exists a monic polynomial 7, of
degree n whose roots all lie in [—p, p] such that

€I+ D)™ O u(2) = O(mal2)).

As the polynomials Q,,,y,, and 7, are both monic and deg Q,,,,,, < n while ¢ does not
vanish, we obtain
2.11) I+ D)™ Qpp = 7n,

which is the equation we met in Lemma 2.4. Note that (2.11) implies that the degree of
Om.n is equal to n which is the well-known normality of the exponential function (cf.
[16], Section 5.1). We remark also that m,(z) = z" corresponds to the case where Oy, is
the (monic) denominator of the classical Padé approximant of type (m, n).

The proof of Theorem 2.2 will require further estimates on the leading and constant
coefficients of P, , and Oy, , respectively, which are gathered in the following lemma.
To state the lemma, we need to keep track of the interpolation scheme, and we shall use
a superscript for this purpose. Hence, Qﬁ,,, refers for example to the denominator of the
function interpolating ¢ at the points of B := B™*" while Q,;ﬁ, refers to the denominator
of the function interpolating € at the negatives of the points of B.

LEMMA 2.5. Let m = my,, n = n, satisfy (2.1) and (2.2).
(i) If Su, qmn are as in Lemma 2.4, then, for any real number n < 1, we have

(2.12) ne /(") < (—1y"

m!
m+ n)!qm,n(O)

as soon as v is large enough.
(ii) Let P, , and Qn, be as in (2.10) and define py, , to be the leading coefficient of
13,,,’,,. For any real number 0 < n < 1, we have

!
(2.13) ne? 0 < (—1yr ﬂTQB 0) < 1 o/
U

(
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as soon as v is large enough. In the same vein, for any 0 < n' < 1, we have

(=105 ,(0) s 1 (=105 (0
T Cros0 =TV P = e, 50)

and also the absolute estimate

(2.14)

ep
;7—,7

!
@.15) Wer < (-1)'ph, <

as soon as v is large enough.

Here again, arguing by contradiction, these inequalities can easily be made indepen-
dent of a particular ray sequence so that (2.13) would hold uniformly with respect to
m+n and |m/n — X|, while (2.15) would hold uniformly with respect to m + n. It can
be shown that these estimates are optimal, but we shall not need this. Inequality (2.15)
was included for the sake of symmetry, but it is actually (2.14) which is used to prove
Theorem 2.2.

We now draw some consequences of the above results. From Theorem 2.1, we will
deduce

COROLLARY 2.6. Let r},, = ry, ([a,b],p) = Py ./dnn be a best L, real rational
approximant of type (m,n) to €* on the finite real interval [a,b], with 1 < p < oo.
Assume that m = my,, n = n,, satisfy (2.1). Then, as v — 09, all zeros and poles of r, ,
tend to infinity and

P — &

locally uniformly in C. If, in addition, (2.2) holds, then, normalizing q,, , so that q,, ,(0) =
1, we have

Az/(14X) —z/(14})
b

Pma(2) — € Ima(2d) — €

locally uniformly in C.

The proof will rely on the fact that r;, , interpolates e* at m + n + 1 points in [a, b].
As a corollary to Theorem 2.2 we shall be able to describe the asymptotic behavior
of these interpolation points. To achieve this, the following definition is needed. If Q
is a polynomial of degree n with zeros zi,z,, ..., z,, the normalized zero distribution
associated with Q is defined by

|
Q) = =35,
=1

where §,, denotes the unit point mass at z.

COROLLARY 2.7. Letry, , be defined as in Corollary 2.6 and let q,,.,., be the monic
polynomial whose roots are the interpolation points of r, , to €. As m+n — oo,
the zero distribution p(qy,.,+,) tends in the weak-star topology to the equilibrium dis-
tribution pap) on [a,b) whose associated measure is the arcsine measure dp.p =
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From the proof of (i) of Lemma 2.4, we also obtain generalizations of known results
about the location of zeros and poles of Padé approximants to the exponential function
(cf- [18]). In particular, we mention the following result.

PROPOSITION 2.8. With the notation and assumptions of Lemma 2.4, all the zeros of
Gm.n lie on or outside the circle |z] =m+ 1 — p.

With the notation and assumptions of Theorem 2.1, if n > 2 andm > n+p — 2,
then all the poles of Ry, , lie in the right half-plane. Hence the coefficients of Qm.n have
alternating signs in this case.

In particular, if p < 2, then all the poles of R, , lie in the right half-plane and all its
zeros lie in the left half-plane for n = 1,2, ... so the coefficients of O, , have alternating
signs, while those of P, , have constant sign.

Furthermore, if p < 1, then all the poles of R,_\ , lie in the right half-plane and all
its zeros lie in the half-plane Re(z) < —2. Consequently, the coefficients of Qn—1 » have
alternating signs, while those of P,_\ » have constant sign.

Note that it follows from the first assertion of this proposition that all the zeros and
poles of R, , lie on or outside the circle |zl =n+1— pwhenn > p— 1, and all the zeros
and poles of R, , lie on or outside the circle |z| = n— p whenn > p. Here, the assertion
on the zeros is of course obtained by symmetry, upon changing z into —z.

Finally, the convergence result of Theorem 2.1 can be slightly extended by adjoining
to the exponential function a rational factor:

THEOREM 2.9. Let {oj}%,, {B;}L., be two sets of nonzero complex numbers and let
B™™ m = m,, n = n, be as in Theorem 2.1 with the additional requirement that the
B™™ do not contain any point in {1/ ; j[':l- If (2.1) holds and m > k, n > I, then for v
large enough, the rational function Ry = Py n | Qmn of type (m, n) that interpolates the
function & TI (1+a5z) [ TIL_, (1 —B;z) in B exists and is normal, that is, deg Py, = m
and deg O, » = n. Moreover,

I, (1 + a2)
M=, (1— 62)

locally uniformly in C \UJLI {1/B;}. If, in addition, m and n satisfy (2.2), then, as v — 00,

(2.16) lim Ry, ., (2) = &
V—00

k i
Q17)  Pun@— V[ + ag2),  Onon (@) — eI - Bi2)
Jj=1 J=1

locally uniformly in C, where Qy, , is normalized so that Q,, ,(0) = 1.

The proof of Theorem 2.9 is but an easy extension to the multipoint case of a
classical property in Padé approximation, namely the separate convergence to some entire
functions of the numerators and the denominators of a sequence of Padé approximants

is preserved under multiplication by a rational function (cf. [2], Lemma 18.3). A famous
result of Arms and Edrei [1] asserts that for ray sequences of Padé approximants, that
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is, when p = 0, Theorem 2.9 still holds if the rational factor is replaced by an infinite
product, provided the o;’s and 3;’s are positive. At present, it is not known whether this
holds true for a nonzero p.

3. Proofs. We first recall a classical theorem of Padé already mentioned in the
introduction (cf. [15], equations (11)<(12), Satz 7, Section 75, pp. 434-436):

THEOREM (PADE). Let RS, , = P%, /05, denote the Padé approximant of type (m, n)
to &, normalized so that Q?M(O) = 1. Then, as m + n tends to infinity,

RS () — €
locally uniformly in C. Moreover, if m [ n tends to a limit X, with 0 < X\ < 0o, then
Pon@ — €10 and - 0}, ,(2) — &7/
locally uniformly in C.

In the above statement, it is understood that the approximation error |R), ,(z) — €| can
be made uniformly small on any given compact set, no matter what m and » are provided
m+n is large enough. We shall also appeal to two other results that are particularly suited
for our purposes. The first is a theorem of Szegd (cf. [11], Theorem 16.1, p. 65):

THEOREM (SZEGO). Let

" [n " (n
JORDY ( k) A, 8@ =Y ( k) B

k=0 k=0

and
hz) =3 <n>AkBkzk.
=0 \k

If all the zeros of f(2) lie in a circular region A, then every zero Y of h(z) has the form
Y = —af3, where a is a suitably chosen point in A and 3 is a zero of g(2).

The second result that we need is Walsh’s theorem (cf. [11], Theorem 18.1, p. 81):
THEOREM (WALSH). Let

f@=Ya?, g2)=3b7=b[]¢-8),
=0 =0 =

and .
h(z) = z‘a(n — D baifP(2).

If all the zeros of f(2) lie in a circular region A, then all the zeros of h(z) lie in the point set
C consisting of n circular regions obtained by translating A in the amount and direction
of the vectors [3;.

As to the overall organization, we shall begin with the proof of Lemma 2.4 and deduce
from it Theorem 2.1. We then proceed with Lemma 2.5 in order to establish Theorem 2.2,
from which Theorem 2.3 will follow. The remaining results are proved in their order of
appearance.
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PROOF OF LEMMA 2.4. The polynomial g,,, is given by
qmn = (I + D)_(m+1)sn

Writing the Taylor expansion

(1+x)"D = 5 w(’"”)

J=0

we get
G.1) Z( 1y<’” ’>s<ﬂ

where we have used the fact that s, is a polynomial of degree n. Thus, if ¢, , denotes the
monic Padé denominator:
(+Dy™'qy, =2",

we have

n! .
. 2",
(32) Gon(2) = g( w( ) o

Let us apply Walsh’s theorem with f(z) = 5,(z) and A(z) = g (). By (3.1)

h(z) = E( 1y ( )Sf,’)(Z) = i(n — N bnjsP(2),

Jj=0 Jj=0

_ 1Y [(m+)
brd = s J)'( >

We must then take in the theorem (cf. (3.2))

where

n ) 1
g@)=) by "7 = mq?,,,,,(Z).

0

From Padé’s theorem, we know that the zeros of q?n’n tend to infinity with m + n since
they are the poles of R?,,’,,. But as soon as the zeros of ¢, , have modulus greater than,
say, d, then all the zeros of ¢, , have modulus greater than d — p by Walsh’s theorem.
This proves (i).

To establish (ii), we let

n
sa(2) =D ok, o =1,
=0

so the fact that the moduli of the zeros of s, are not greater than p implies

(3.3) || < <Z> o
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From (3.1), we get

(3.4) Gma(2) = za‘” z< (’" ”) Kk

(k—pt~ ~

or equivalently
+k— i
(3.5) Gm(2) = Z(Z( e ('" ) 2"’1«!)12.—!-

We first normalize this polynomial by the constant term of q?,,’,, which is (¢f (3.2))

(- 1),,<m n) - (- 1)n(m+n)

thus, we set
3.6 i = (— 1y
(3:6) I = D'

Assuming that the variable z lies in some closed disk D(0, M) of radius M and center
zero and using (3.3), we get from (3.4)

qmn-

m' 2k nlph (mj) k!
(n+m)! ,;OFZO k! (n — k)! m!j! (k — j)!
i koo onlG+m)  pr M
B5@—btk—) (+m)

_ n' Kk (m+k—-D)M

Lo—Pmemiy G- o

-

‘érn,n(z)l <

oy 1 ( np )"—k k (m+k—l)--~(k—l+l)M
—k-_-o(n—k)' nt+m 1=0 (k+m)--~(k+l) l' ’
As mtk—1D--(k—I1+1) ™ (k—I+s)
m — — —l+s
(m+k)---(k+1) "H (k+s) sl 0=<ls<k
we have ek
1 np \n- /3
3.7) |qm,,(z)|_k2_:0(n k)!(nm) > S e,

Hence |gmq(z)] < e*?, so the family {Gy»} is normal in the complex plane.

From (3.7), we see that the modulus of the constant term of g, is bounded from
above by e”. We now prove that it is also bounded away from zero, provided m + n is
large enough.

In view of Padé’s theorem, we may assume that the zeros of ), , have modulus greater
than, say, 2p as soon as m+n > L. We now compute g, ,(0) which we shall for simplicity
rename as T, ,. From (3.5) and (3.6) we have

Z( I (")<mr: k)k! R ni( Dol (m+h)t.

(38) Tman = (——1) (m + n)'

(+)'
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Let us define
3.9)
@ = 1+ S an =1 Lol (- y ORI,

(m+n)! iz

(m+n)!

s0 that 7, n = hmn(1). The family {A,, , } is uniformly bounded on any compact set in C,
for if |z| < M we have, thanks to (3.3):

Pl M) (Em =)=yt )

|hmn(z)‘<l+2(n — N (m+n) g (n+m)---(n+1) ’

so that |y .(2)| < e*. Hence {h,,»} is normal in the complex plane. Let H be any limit
function of this family. We claim that H is never zero on the closed unit disk. To see this,
introduce the reciprocal polynomial of s,:

(3.10) 5@ -Za‘") Z( ) Q"))

Jj=0

whose zeros all lie in |z] > 1/p. Next set (¢f. (3.2))

@G.11) gmn(2) = Z": (;)(—U’w = (-1 I (2)-

=0 (m +n)!

(+)'

When m +n > L, we know that the zeros of ¢, , lie in |z| > 2p. Applying Szegd’s
theorem to f,, and gy, », we conclude that the zeros of A, , all lie in |z| > 2. By a classical
theorem of Hurwitz, the limit function H(z) is either identically zero or never vanishes
in {|z| < 2}. But H(0) = 1 since Ay, »(0) = 1 for all m, n. This proves the claim.

Consider now the doubly-indexed sequence {7y » } m+n>L. If it were not bounded away
from zero, there would be a subsequence 7, », = hm, (1) that tends to 0 when £ tends to
infinity. From the sequence k., »,(z), we could extract a subsequence converging locally
uniformly on C to some function H. But then H(1) = 0, contradicting the previous claim.
Hence, there exists a positive constant C such that

(3.12) mn(0)] = ———|gma(0)) > C>0 form+n>L.

( + )'
From this, we deduce that the family {Gmn/Gmn(0)}min>t = {Gmn/Gmn(0)}men>e i8
in turn normal. Thus (ii) is proved.
We now turn to the proof of (iii), where we assume that m = m,,, n = n,, satisfy (2.1)
and (2.2). For brevity, we set

mn(2) form+n>1L, andu:=—1—

wmal®) =070 T+ X
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We know from the preceding discussion that the family w,, , is well-defined and normal,
and we are going to prove that it converges to e ?/(*" by showing the latter to be
the only possible limit function. Extracting a subsequence if necessary, we may as well
assume that wy, , converges locally uniformly in C to some entire function

g2) = éAsf.

Since A9 = 1 by construction, the relation g(z) = ¢ * is equivalent to the following
identity:
(s+ 1DAg +ud; =0, s2>0.

As A; is given by the Cauchy integral formula, it is equal to the limit of the s-th Taylor
coefficient at zero of wy, , as v tends to infinity. Thus, writing

Wm,n(z) = Zn:(wm,n)kzka
k=0

it suffices to show that u(wy, »)s + (s + 1)(Wm . )s+1 tends to zero, for each fixed s, as v tends
to infinity. Finally, since (Wp, »)s = (q,,,,,,)x /qm(0), it is enough to prove (cf. (3.12)) that
KXo = ( " )| ————[u(Gmn)s + (s + 1)(Gmn)s+1]

tends to zero for fixed s as v goes to infinity. Now, we get from (3.4)

| |
Xm,n ( _’:l )' [ua(”) +u z (")( l)k s ( —s+ m) IL
n

k=s+1 m s!
n k—s—1+m\ &
+(s+1 (M (_1yk—s—1
(4D 2, @D m s+ 1)
m! u _k—=s—1+m)k! (u—l)(k—s)+um
(”)+ (n) _1 k—s
(n+m)1[“°‘ ,g;lo‘k( S — k—s

Using (3.3), we have
< m! n!p"s
"= (m+m)! s (n— )
1 npl "k(k—s—]+m)' l(u—l)(k~s)+um|
ToEml & R s Dis! (k=)

X, |ul

The first term in the right-hand side of this inequality is

1 nn—1)---1 |ulp"™* < |ulp"*
stm+n)---(m+1)(n—s)! ~ sl(n—-s)!’

which tends to zero if n tends to co. If, however, n remains bounded, then necessarily
A = 00 so that u = 0 and this term is identically zero.
As for the second term, we treat the cases A # +0o0 and A = +oo separately.
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THE CASE A # +00. The second term may be rewritten as

n ot Jw =Dk —s)tum| k—s—1+m)---(k—s)
(3.13) kgl(”_k)!‘g! k—s) Em) o F )

The last fraction in this expression is equal to

ﬁ(k—s+r—— 1) Sl’_"l(n+r—- 1)

r=1 (n+r) r=1 (n+r)

<1

so that (3.13) is less than

" 0 = Dk — )+ um]
i (n—k)ls! (k—5) '

Choose N < n — s — 1 and decompose this expression as two sums:

1 =N n
gL ]
S b=s+1  k=n—N+1

The integer s still being fixed, we show that the bracketed expression tends to zero.
Setting p = n — k we write it as

"SNP = Dm—p—s)tum| 2P |(u—1)n—p—s)+um|
3.14 £ = )
@.19) ,gzp! (n—p—y) +,§>p! (n—p—ys)

Since forp <n—s

1 +
L .= =i 22 ) < Lrapag,
n—p—s nn—p—s n n—p—s n
the first summand is less than
g PP lu—1)n—p—s)+tum| "33 m
51 +p+s2 A <"y (1 +p+ 92 (Ju— 1]+ [ul2).
p=N p: n p=N p: n

Since |u — 1] + |u|m/n is bounded, this last sum is the tail of some convergent series so
we can make it less than any e > 0 by choosing N large enough, which is possible since
A < oo implies n — o0o. The integer N now being fixed, letting v tend to infinity, the
second sum in (3.14) tends to

N-1
—|u—1)+ui
¥ e

which is equal to zero by definition of u.
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THE CASE A = +00. In this case, u equals zero. Thus, we have

X < i "k k—s—1+m)---(k—ys)

GRSt (rm)- (D)

If s > n, this already yields X, , = 0. Otherwise, the last fraction is not greater than

(ntm—s—1)---(n—s) _ n---(n—s)
(ntm)---(n+1) (n+m)---(n+m—s)

which tends to zero as v tends to +oo for each factor (n — k) /(n + m — k) is less than |
and tends to zero since m/n goes to +o0o. As the sum

n pn-—k
W (= Rl
is bounded, X, , itself tends to zero. We have thus obtained (2.8). =

PROOF OF THEOREM 2.1. We shall first prove the convergence of P, , and Q,, , When
(m, n) is a ray sequence and then deduce from this the convergence of R,, , whenever
m+ n — o0. Therefore, we begin by assuming that (2.2) holds.

Applying Lemma 2.4 to (2.11), we deduce that Q,,,,,,(O) is nonzero as soon as m +n is
large enough and moreover that

lim Qm,n(z)/QM,n(O) =77/
V—00

locally uniformly in C. From the normalization of Q,, ,, we have Qm,,, / Q,,,,,,(O) = Ompn,
and thus

(3.15) Jim Qp () = e/,

which gives the desired limit for O,, ,. From the defining equation

(3.16) Onn(@)€ — Pun(2) = O(qmen+1(2)),

we see upon dividing by ¢ and changing z into —z that

(3.17) P n(—2)€ = Omn(—2) = O(qmint1 (—2)).-
We then deduce again from Lemma 2.4 that

(3.18) K Py (2)/ Pn(0) = /11N = 2/ (140)

locally uniformly in C, where it should be observed that P,, ,(0) # 0 as soon as v is large
enough. It remains to show that P, ,(0) tends to 1. Suppose this is not the case. Then
there exists an ¢ > 0 and a subsequence (m’, n’) such that

(3.19) |Prr e (0) — 1] > €.
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Extracting a subsequence from (m’, n') if necessary, we may assume that some sequence
Y Of interpolation points converges to a limit point y in [—p, p]. Equation (3.16)
evaluated at y,, v leads to

Qm’.n’()"m’,n’)ey"'/'", = Pm’,n’(ym',n’)-
In the limit, we get from (3.15) and (3.18) that
V) = im P w(0) . RZIGY
V—00

which contradicts (3.19). This establishes (2.3), from which the local uniform conver-
gence of R,, , to €, when (2.2) holds, is immediate.

Finally, if (2.2) does not hold, the convergence of the rational interpolants Ry, , to €
locally uniformly in C remains true because if not, by extracting a subsequence R, ,»
such that m’ /n’ tends to some number in [0, +o0] (i.e. (m’,n’) is a ray sequence), we
contradict the first part of the proof. n

PROOF OF LEMMA 2.5. We first establish (2.12) which by (3.6) is equivalent to
dma(0) > me /M.
Recall from the definitions (3.8) and (3.9) that

Z]m,n(o) =Tmn = hm,n(l)'

We have already proved, using Szegd’s theorem as applied to the families f, and g, ,
defined in (3.10) and (3.11) that 4, , will have no zeros in [—1, 1] as soonas m+n > L.
In this case, 7, will be positive. Now, let us replace the family {/,,(z)} above by the
family {hm »(z)—e} where € is some positive real number less than 1. As the constant term
of f, is 1, Szeg®’s theorem can be applied as before to the families {f, } and {gn» — €}.
Since gm (z) is just the Padé denominator normalized with unit constant term, we know
from Padé’s theorem that g,, , tends to exp(—z /a1 +/\)). Therefore, we know that g, , —¢
tends to exp(——z/(l + /\)) —€.
If A # oo, the set of zeros of this last function is

{z=—(1+XN)loge+ (1 +\)2ikm k € Z}.

Thus, for any positive real number «, if v is large enough, the polynomial g,, , — € will
have no zeros in |z] < —(1 + M)(loge + o) and, by Szeg6’s theorem, A, , — € will have
no zeros in |z| < —(1 + A)(loge + @)/ p. But 7, — € = hya(1) — € on one hand and
hmna(0) — € =1—¢€ > 0 on the other hand. Hence 7, , — € = @m »(0) — € will be positive
if Ay — € has no zero in |z| < 1. This will be the case as soon as v is large enough,
provided

1< —(1+X)loge +)/p
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which is easily seen to be satisfied iff
e < ne—p/(lﬂ)

where 1 = e~®. This gives (2.12) for the case A # oo.

If A\ = 00, gmn — € tends to 1 — €. Therefore, this polynomial will have no zeros in
any given compact set of the complex plane as soon as v is large enough, and Szeg6’s
theorem shows that this property is also satisfied by the polynomial 4,, , — €. Thus, since
€ < 1, T — € will be positive for large v. This gives (2.12) for the case A = oo also,
and the proof of (i) is complete.

That the left inequality in (2.13) holds for large v follows from (i) above and (2.11);
that the right inequality also holds for large v is a consequence of (3.7) where we set
M = 0, recalling that n/(n + m) — 1 /(1 + ). From (3.17), we see that

i)ﬁ‘n(_z)

Clyst. = 0, @);

thus i
Pr1(0)
3.20 —1)"ph = e
(3.20) (=1)"Pin 0.20)

as soon as Q;,’f,(O) # 0, that is, as soon as v is large enough by Theorem 2.1. For any
0 < 7’ < 1, by the same theorem, we have for sufficiently large v

P (0
~m,n( ) <

1
(3.21) < <—.
T=08 07

From (2.13), we see that (—1)" Qﬁyn(O) and (—1)" Q;ﬁ(O) are positive for large v. Upon
multiplying (3.21) by the positive quantity (—1)"*"0%  (0)/0,5(0)and in view of (3.20),
we get (2.14). Finally, multiplying the latter by m!/n! and using (2.13) yields (2.15).
This completes the proof of (ii). (]

PROOF OF THEOREM 2.2. For the sake of simplicity, as a first step, we shall treat
the diagonal case and write R; = P;/Q, for the multipoint interpolant of type (/, /). As
several interpolation schemes enter into the proof, we shall keep track of them by using
a superscript as in Lemma 2.5. Following P. B. Borwein (cf. [5]), we consider for each
positive n the triangular interpolation scheme C, whose (2n + 2k)-th row is obtained
by adding to the set B?" = {x®}21 the point zero with multiplicity 2k for k > 0,
while the first 2n — 1 rows can be chosen arbitrarily in [—p, p]. This defines a family of
interpolation schemes indexed by 7, and it is important to notice that B?" = C?" for
each n. By Theorem 2.1 as applied to C,, we have that for any z € C,

(3.22) ¢~ R = VIR, ()~ R

https://doi.org/10.4153/CJM-1995-058-6 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1995-058-6

RATIONAL INTERPOLATION OF THE EXPONENTIAL FUNCTION 1137

From the interpolation conditions and upon checking degrees, we get the following
factorization:

Bz Hz 'z — (2n))
@0 @)

C,
where B4+, is the leading coefficient of Pn+kJrl ik Pn+k kel
QC o and Qn .+ are monic, we have

(3.23) Di(z) = RS, @) — RS, (2) =

?

As the polynomials

(3.24) Bier1 =i)f:k+l _‘bflk'

We derive first the upper estimate in (2.4). By equation (2.14) in Lemma 2.5, we know
that for any 0 < i’ < 1 we have

e 1 OFO
(3.25) V< 55t

for [ large enough. Applying Theorem 2.1 to the scheme C, which is evidently ray with
A =1, we also see that for any 0 < § < 1 and / large enough

8107 (0)]
e

Using the lower estimate in (2.13) for the schemes C, and —C, successively, we further
obtain that forany 0 < 5 < 1

(3.26) 0@ >

(3.27) ne=?? < (— 1)1(21)'Q1 0),
(3:28) ne?l? < (— 1)(21)'(2, "(0),
for / large.

To summarize, we know that when # is fixed and / = n + k is large enough, (3.25),
(3.26), (3.27), and (3.28) hold true. We claim there exists ny such that these inequalities
are valid for any scheme C, and all k > 0, as soon as n is larger than ny.

Indeed, assume the contrary. Then, we can find a sequence n’ + k' with n’ — oo and
k' > 0 such that the interpolant RS v constantly violates one of the inequalities. But the
scheme obtained by selecting for each pair of indices (', k'), the row Cg‘”'ﬂkj) is again
a ray sequence (with A = 1) of interpolation points in [—p, p] to which our analysis can
be applied. This proves the claim by contradiction.

Now, from (3.25) and (3.26) where we substitute n + k and then n + k + 1 for /, we get
in view of (3.23)

or et O]
O ol

D < 5|

+k(0) ” !
0, O 103,001 O
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that is,

|Dk(z)| = /52[

R0
Q,,+k(0)Q,,_+k+1(0) 00 (00, 5(0)
as soon as n > ng and k > 0. Making use of (3.27) and (3.28), we now obtain
e’c (n+k+ D (n+k)

<2 2% e
D] < 20 G akv s 2l A L5

as soon as # is large enough and for all £. Note that

UL SRR GRS ) N S G T ChL S ) N |
(2n + 2k +2)! 2n + 2k + 4)! Qn+2k) @n+2k+ 2170 = T6(n+ k)2
MZ

< 470 LN
= 16(n+ k)2
where M = meag(|2| Suppose that n is so large that
M2
— <1
16n2 —
Then, with o = 5'p?6? < 1,

(3.29)

0 2e’cy n!'(n+1)! [ o M on
—RB)| < < + — X
&= R@I < 21D < = G i | & Tem e o7 L le %k

As 5 1 /(n +k)? is the tail of a convergent series, the quantity

00 M?
1+ ———|/d
[ & 16(n+k)2}/°‘
can be made arbitrarily close to 1 by choosing 7, 7, and é close enough to 1 and n
sufficiently large. Hence, we get that for any o < 1 and » large enough

_RB <c1e"___ - %
| — Ry@)| < (2,,)~(2n+1)',l_10|2 '

which is our claimed upper estimate for A = 1.
Let us now proceed with the lower estimate in (2.4). We have

¢ — RB(@)| > |Do2)| — 2 D).

From (2.13) we observe that for any 0 < n < 1,/ large,

e’/?

(3.30) (21), =070 )l —,

(3.31) |(21)'Q1 & (o )\ .
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By Theorem 2.1, forany 0 < § < 1, /large and z € K, we have

(3.32) 10f |Q1 (0)]-

Moreover, from (2.14), we get for any 0 < 5y’ < 1 and / = n + k large
0 Q, ()
Q‘C ©

Reasoning as before, these estimates can be made uniform with respect to n when the
latter is sufficiently large and they yield

(3.33) < (=1)'psm.

n!(n+1)! .
Do) > 207 Feoe @l 2] [l )
n'n!

334 = y'n’s? p_____ — x|,
On the other hand, we know that for large n (cf. (3.29))

nl'n!

o (2n)' Qn+1)! L_, 16(n + k)z] H Iz =

(2n) l .

Z |Di(2)| <

As the term in (3.34) is dominant compared to the above summation, we get that for any
a < 1 and n large enough

n!'n!

— RB() > —p _ x@m
|& — RI(2)| > acee @+ D l];[()l x|,

thereby establishing (2.4) in the diagonal case.

We shall now briefly describe the general case where the rational fraction is of type
(m, n) withm = m,,, n = n, satisfying (2.1) and (2.2). We shall again, as in equality (3.22),
decompose the error & — Rﬁ,n(z) as a sum of differences by introducing schemes C,, ,
whose (m + k1) + (n + kz)-rows are obtained by adding the point zero with multiplicity
ki +k; to the set B™*"_However, we now consider two distinct types of differences; the
first is obtained by adding 1 to the degree of the numerator and the second by adding 1
to the degree of the denominator, namely

Py Py PrapQue — PreQmy
Omwiy  Qur OrrQrery

(3.35)

and

Py Py P g I—P 7 ’
(3.36) et P _ PraQu 11Q11+1

Ot Qi 011 Q1
In our sum of differences, we choose alternatively differences of the first or the second
type in such a way that the quotient of the degrees of the numerator and denominator
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tends to the limit A (intuitively, this simply means that we approximate a line of slope A
by a step function). The factorization (3.23) can also be performed in (3.35) and (3.36)
but here the leading coefficient of the numerator is equal to P+, in the first case and
—Pm.n in the second case. From Theorem 2.1, we get for any 0 < § < 1 that for / + /'
large enough, and z € K,

1017 119770

(3.37) §— e < | Q)| < -
c}/(l+,\) 1] § C(l)/(1+)\)

As the analog of (3.22), we have now differences of the first type

PCm‘n Crnn
mtk+1,n+ky mtky,n+ky

QCM.'I QCM,’I
mtk,+1.ntk; m+ky ,ntk;

or of the second type

PC"IJI CmJl
m+ky ntky+1 N m+ky ,ntky

Qﬁ'i}; kgt Q;%l;, ntky
The reader can check, using (2.13) for C,,, , and —C,,, , successively,and also using (2.14),
(3.37), and finally reasoning as before to make these estimates uniform with respect to
m + n, that the same upper bound for both differences can be obtained for m + n large
enough and all ky, &, namely:

1 pc2/(|+)‘) (m+k1)'(n +k2)!
n'n262 ! m+m+ki+k)(n+m+k +k+1)!

ky+ky min (m+n)
e 1 =)

Note that if k; is increased by 1, since the quotient (m + k) /(n + k) tends to A, we have
for any 8’ > 1 and m + n large

(m+ky + 1) (n+ky)! |z|fr et (m+ k) (n + k) |z[fa e
n+m+k+k+D)n+m+k+k+2) | +m+k+ko)(n+m+k +k+1)!
< (m+ky +1)|z| < M
T(mtmtkith+tDntmththk+2) T (1+1/ Nn+tmrk +tip+1)

whereas if k; is increased by 1, we have

(m+ k) (n +ky + 1)) |z[fi+hat] (m+ k) (n+ k)l |z|fr e
ntm+ik+k+D)n+tm+k +k+2)! / (ntmthk+k)(n+tm+k +k+1)!
- (n+ky+ 1)z &M

TmAmrkithtrD)ntrmtk+kh+2) T 1+ N nrmrk vk +1)

Thus, there exists a constant C > 0 such that the two previous quotients are less than
C/(n+m+k; + ko +1). Suppose that n + m is so large that

¢ < 1.
n+m
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Then with o = 9'5?6* < 1,

ep

c2/(|+A)
. ! + +5
o mrn)m+n+ D)L n+m+1 o (n+m+k)?

m!n! C o0 2 min
|~ Rp,@)| < | (

Mlz—x

=0

m+n) |

so that for any o < 1 and n + m large enough,

P m! n! e
¢ —RE (2)] < H/VE T
| m,n( )I-— 1 a(m+n)!(m+n+1)!i1;£‘ ' I

The lower estimate can be obtained in a similar way from the complementary inequalities
in (2.13), (2.14), and (3.37), yielding for any 0 < a < 1

m!n! mtn
I Iz — ™™,

F_RP > 2/(1+)) _—p
| ma(@)| 2 acy’" e (m+n)!(m+n+1) iy

as soon as m + n is large enough. This completes the proof of Theorem 2.2. .

PROOF OF THEOREM 2.3. First observe that Theorem 2.2 implies a seemingly stronger
statement which does not involve a particular ray sequence, namely:

There exist L and €, both depending only on p, K, o, and X such that any interpolant
of type (m, n) to € in m+n+ 1 points of [—p, p] satisfies (2.4) as soon as m+n > L and
[N —m/n| <€ (resp.n/m < e if A = o0).

Indeed, assuming the contrary, we could find some interpolation scheme B™*™ sat-
isfying (2.1) and (2.2) but such that (2.4) does not hold however large m + n, thereby
contradicting Theorem 2.2. The above statement really means that to each \ in [0, 0o], we
can attach a neighborhood 7/ and an integer L) such that (2.4) holds for any interpolant
of type (m, n) such that m/n € 9} and m + n > L,. But then, (2.5) also holds because it
is weaker than (2.4). Covering [0, co] with a finite number of 1/, ’s and defining L to be
the supremum of the corresponding L) ’s, we conclude that (2.5), which does not depend
on \, holds for any value of m/n provided m+n > L. Finally, the sharpness of (2.5) was
treated in the remarks following the statement of Theorem 2.3. L]

PROOF OF COROLLARY 2.6. In view of Theorem 2.1, all we have to show is that
¥, interpolates e* at m +n + 1 points on [a, b], counting multiplicities. For p = 0o, we
observe that for each pair (k, /) of nonnegative integers, every function that is a linear
combination of 1,x, ... ,x*, ", xé*,...,xe" has at most k+ [ + 1 zeros in [a, b], except
the zero function. Hence e* is hypernormal (cf. [16], Section 5.1) which implies that
€ — Iy ,(x) has on [a, b] an alternation set of m +n +2 points and so m + n + 1 (distinct)
zeros in (a, b).

For p = 2 the desired interpolation property appears in [7] and, in fact, holds for any
continuous function. For other values of p, the authors could not find a reference so we
include an argument which is valid for 1 < p < oo and any function sharing with the
exponential function the normality property in real interpolation.

Let P,,[¢] denote the space of real polynomials of degree at most m and P;;[¢] denote
the set of polynomials of degree at most n with no roots in [a, b]. Let #mn = Pmn [/ qmqa be
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a rational function with p,, , € P,[¢] and g, € P;[¢]. By definition of the L,-norm, we
have

b
(338) e = rmally = [ le" = rmao)l? at

We set degp;,, = k and deggq;,, =/, with 0 < k < m, 0 <[ < n, and we assume
without loss of generality that p}, , and g}, , are coprime. Writing |’ — rp,(f)) as

[(e’ - rm,n(t))zr/ 2 in (3.38) and differentiating under the integral sign with respect to
the coefficients of p,, ,, we get for r,, , = ¥m.n that

(B39 - / ple' = rn P 2 (e = 7, () *’imd 1=0, 0<i<m,

while differentiating with respect to the coefficients of g, , yields

(3.40) [f’ plef — £ D2 (e — () 22 Pra® 40, 0<j<n.

(@a®)

Note that we actually used the fact that e’ — r;, ,(¢) is almost everywhere nonzero to
justify differentiation under the integral sign when p = 1. Combining linearly (3.39) and
(3.40) and taking into account the coprimeness of py, , and g, , implies that

P,[1] =0
(45..0)

with s = max(m + I, n + k). From (3.41), we get that s < k+/+ 1 for, by hypernormality,
e’ —r, ,(¢) cannot change sign more than k+/+ 1 times on [a, b] (counting multiplicities).
This implies k = m and / = n, i.e. the problem is normal, and forces e’ — r}, ,(¢) to change
sign m + n + 1 times on [a, b] as desired. m

(3.41) [ ple — 0P (& — ra0)

PROOF OF COROLLARY 2.7. Let ||.||5, 1 < p < 00, denote the L, norm on the interval
[a, b]. Let ¢7° denote the monic Chebyshev polynomial of degree / for the interval [a, b].
Its L, norm realizes the minimum #([a, b]) of L, norms over [a, b] of monic polynomials
of degree /. We define the Chebyshev constant for [a, b]:

chebi(a, b)) = lim [1((a. 5D)]'"" = lim [lg71L"
It is well known (cf. [22]) that
cheb([a, b]) = (b — a)/4 > 0.
We write r;?, for the rational fraction of type (m, n) that interpolates e* at the roots of

Goren+- Werecall that r;, , denotes a best L, rational approximant to €* on [a, b] and g}, 4
the monic polynomial whose roots are the interpolation points of 7}, , to e*. Choosing
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some o < 1, we deduce from (2.5) that for m + n large enough

m+n)!(m+n+1)!

aeﬁpm‘)“q:nﬂﬁl“[? < m'n ”eZ - ;'7"(2)”17
m+n)(m+n+1)
R AR UALAD YN
min.
+n)! 1)!
< Wt nt DLy gyl — @)oo
m!'n! ’
e’m
< (0 —a)' P —1g% 1 lloo-

Taking (m + n + 1)-th roots, we obtain

im_||ggupe 1/ ™" < cheb((a, b]).

m+n—00

1/(mtn+1) 1/(m+n+1)

However, asymptotically, ||¢},.,.+ || ~ |Gt o (¢f: [10]) so that
(3.42) im  ||qt. 120D = cheb((a, ])
m+n—00

as by definition, the left-hand term in (3.42) cannot be less than the Chebyshev constant.
But then, we can apply a theorem of Blatt, Saff and Simkani (cf. [3] or [17], Theorem 5.1)
asserting that when E C C is compact, cheb(E) > 0, and E does not contain or surround a
set with nonempty (2-dimensional) interior and if p, is a sequence of monic polynomials
of respective degrees n that satisfies

lim ||p,||o." = cheb(E),

then the normalized zero distribution p(p,) tends in the weak-star sense to the equilibrium
distribution pg. L]
PROOF OF PROPOSITION 2.8. With the notation of Lemma 2.4, the fact that the zeros
of gump lie in |z] > m + 1 — p is obtained by appealing to the following result (¢f [19],
Corollary 3.1 p. 351):
The Padé denominator q?,,v,, is zero-free in the parabolic region

{z=x+iy e C:y* <4(m+ 1)(m+1—x)andx <m+1}.

Thus, all the zeros of g3, , lie in |z| > m+1. As we saw in the proof of (i) of Lemma 2.4,
Gm,n 15 obtained from s, and q?,,v,, /n! in the way described by Walsh’s theorem. Hence all
the zeros of gm, liein |z} > m+1 — p.

We now recall Theorem 2.4 of [18]:

If

1<m<3n+4,

then all the zeros of the Padé approximant of type (m, n) for € lie in the half-plane

Re@)<m—n—-2.
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The symmetry between the numerator and the denominator of the Padé approximant
for & implies the corresponding assertion about poles:

If
1 <n<3m+4,

then all the poles of the Padé approximant of type (m, n) for € lie in the half-plane
Re(z) >m —n+2.

Consequently, using Walsh’s theorem as at the beginning of the proof, the poles of R, »
lie in the half-plane '

Re(zy >m—n—p+2,

and thus in the right half-plane if m > n + p — 2. But it is easily checked that this last
condition implies n < 3m + 4, thereby establishing the second assertion of the propo-
sition. Using the symmetry between the denominator and the numerator, the remaining
assertions concerning R, , and R,_; , become particular cases of the previous result. =

PROOF OF THEOREM 2.9. " Set
f@=¢, fie=(l+az), hHl)=¢€/(1-p2).

The proof relies essentially on the connection between multipoint interpolants of f(z),
£i(z) and fo(z). Let B = {x{m*}min and set y := xr+™ to simplify notation. Let

m+n—1 m+n

gnn@ =TI @ =2, Guenr1@) = [1E = X™™) = Guan(2)(z — ¥).
k=0 k=0

Assume that we have the three following interpolation relations:

(3.43) Ohnf — P = OGmintt),
(3.44) O fi — Pl = OGmsns1)
(3.45) errn—l,nf - P{n—l,n = O(qm+n)-

We first show that in case such P{,‘,’n and Q{,‘,’n exist, we must have deg P{,‘,,n = m and

deg Qf,',,,, = n at least for m + n large enough. Indeed, as the function f(z) = ¢* is normal,
we know that

degP{,‘,’,,+deng,‘,’,, >m+n—1.

If equality holds, P, ,/((1 + a12)Q%, ) is a Padé approximant to ¢%; but this contradicts
Theorem 2.1 for m + n large, as the pole —1/a; does not tend to infinity.
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Multiplying (3.45), by 7w a(z — ¥), Where 75, is some number to be adjusted, and
subtracting from (3.44), we obtain

(3.46) [(1 + 1 2)0s , — Tz = NPy I + [Tz — VPl — Pla a1 = O@min1)-

Choosing the constant 7, , so that the degree of [(1 + oqz)Q,f,‘,‘,, — Tmn(Z — y)Q:n—l,n] isn,
we get by uniqueness of a normalized rational interpolant of type (m, n):

(3.47) A+ Tma) O = (1 + 12, — Tinlz = N, s
(3.48) A+ TPy = —Tin(z — P+ P

Setting z = —1/a in (3.47), we get

(3.49) A+ T n(—1/ 1) = Twn(1/ s + 0O, (=1 /1)

We begin by assuming that (2.2) holds. Note that in this case, for m + n large enough, a
rational interpolant to f; always exists. Indeed, choose 7., , such that (3.49) is satisfied.
This is possible because the interpolation point y is bounded while by Theorem 2.1,
Qf,,y,,(—l / a;) and an_lyn(—l / o) converge to the same nonzero value. Then, define
Qf , and PJ} , by (3.47) and (3.48) respectively. From (3.46), (3.43), and (3.45), we get
(3.44); i.e. Pl / Of , interpolates f; in B™*".

Using the convergence of multipoint interpolant denominators to e~2/(*» given in

Theorem 2.1 and the nonvanishing of the exponential function, we deduce from (3.49)
that

lim 7, = ;.
V—0Q

By taking the limit in (3.47), and simplifying we get
lim @, =(1+02) lim O}, , — ez lim O], ,
or

lim Qf,‘,’n = lim Q,f,,,n =7/,

V—00 V—00

locally uniformly in C. By taking the limit in (3.48), we get
lim P, =—az lim P, + lim P,
V—00 ’

V—00 V—00

or
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lim P{rl:.n =(1+az) lim P{n‘n = (1 + oy 2)e™/ ™V,
y—00 V=00

Repeating our argument, we prove the convergence theorem for any & if / = 0. To settle

the case / > 0, we leave it to the reader to check that it is possible to use the same type of

relations between multipoint interpolants of functions f(z) and f5(z), and then combine

the two cases. Another possibility is to use duality, remarking that
k -1

R P 1+ 52

T, (1 + Bj2) e * I (1 — ajz) | j=i

and the function in the brackets plays the role of f(z) in the preceding argument. This
establishes (2.17) from which (2.16), when (2.2) holds, is immediate.

If (2.2) does not hold, an argument similar to the one given at the end of the proof of

Theorem 2.1 shows that for m + n large enough, a rational interpolant R, , to € HJ’-;, 1+

a;z)/ TI,(1 — B;z) exists and that (2.16) remains true. .
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