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Abstract

We investigate an optimal stopping problem for the expected value of a discounted pay-
off on a regime-switching geometric Brownian motion under two constraints on the
possible stopping times: only at exogenous random times, and only during a specific
regime. The main objectives are to show that an optimal stopping time exists as a thresh-
old type and to derive expressions for the value functions and the optimal threshold.
To this end, we solve the corresponding variational inequality and show that its solu-
tion coincides with the value functions. Some numerical results are also introduced.
Furthermore, we investigate some asymptotic behaviors.
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1. Introduction

In the real options literature, the following type of optimal stopping problem appears
frequently:
sup E[e™"" 7 (X7) | Xo = x], ey
eT
where r > 0 is the exogenous discount rate, X = {X;};>¢ is a stochastic process, which we call
the cash-flow process, 7 is the set of all stopping times that investors can choose, and 7 is
an R-valued function, which we call the payoff function. We can regard (1) as a function
on x, which we call the value function. The problem in (1) concerns the optimal investment
timing for an investment whose payoff is given by the random variable 7 (X;) when executed at
time ¢. The most typical example of 7 is

o0
T(x) = ]ET[ / e TOTIX ds — T | X, = x:|, )
t
which expresses the value of an investment that starts at time # with an initial cost / > 0 and
that brings to the investor perpetually an instantaneous return X at each time s > . Note that

the right-hand side of (2) becomes a function on x when the process X has the strong Markov
property, such as a geometric Brownian motion. The main concern of (1) is to show that an
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Optimal stopping under regime switching 1221

optimal stopping time t* € T exists and can be expressed as T* = inf{z > 0 | X, > x*} for some
x* e R. This type of optimal stopping is called threshold type, and x* is called its optimal
threshold. It is significant to examine whether an optimal stopping is of threshold type. If so, the
optimal strategy becomes apparent, and the optimal stopping time can be explicitly described.
This framework of optimal stopping problems was discussed in [17]; see also [6, Chapter 5].
Here we focus on discussing (1) when X; is a regime-switching geometric Brownian motion
under two constraints on 7, and the payoff function 7 is given as 7 (x) = a(x — K)™ — I for
some o >0,K>0,and [ > 0.

Regime-switching models, widely studied in mathematical finance (see [2, 3, 4, 9, 10, 11]
and so forth), are models in which the regime, representing, e.g., the economy’s general state,
changes randomly. In this paper, we consider a regime-switching model with two regimes,
{0, 1}. Let 6 = {6,},>0 be a stochastic process expressing the regime at time ¢. In particular, 6
is a {0, 1}-valued continuous-time Markov chain. Then the cash-flow process X is given by the
solution to the following stochastic differential equation (SDE):

dX; = X;(ug, dt + 09, dWp),  Xo >0, (3)

where y; € Rand o; > 0 fori =0, 1, and W = {W;};>0 is a one-dimensional standard Brownian
motion independent of 6. Considering a regime-switching model, we need to define a value
function for each initial regime; that is, for each i =0, 1, we define the value function v; as

vi(x):= sup E[e """ (X;) | 6p =i, Xo = x]. 4)
teT

Furthermore, we impose two constraints on 7 . Liquidity risk and other considerations mean
that investment is not always possible. Therefore, it is significant to analyze models with
constraints on investment opportunities and timing. Hence, we impose two constraints simul-
taneously in this paper. One is the random arrival of investment opportunities. More precisely,
we restrict stopping to only at exogenous random times given by the jump times of a Poisson
process independent of W and 6. Another is the regime constraint. We add the restriction that
stopping is feasible only during regime 1.

Now, we introduce some related works. The problem in (1) was discussed in [1] for the
same cash-flow process X as defined in (3) without restrictions on stopping. It treated the case
where 7 is given as (2) and showed that an optimal stopping time exists as a threshold type by
an argument based on partial differential equation (PDE) techniques. The same problem was
discussed in [19] for a two-state regime-switching model with 7 (x) = x — I under the regime
constraint, but with a cash-flow process that is still a geometric Brownian motion without
regime switching. Note that [19] assumed that an optimal stopping exists as a threshold type.
In addition, [8] also studied the same problem for the case where X is a regime-switching
diffusion process but without restrictions on stopping. On the other hand, the restriction of
stopping at exogenous random times was considered in [7] in the case where the cash-flow
process is a geometric Brownian motion and the payoff function is of American call option
type, i.e. m(x) = (x — K)*, and did not deal with regime-switching models. In [7], a variational
inequality (VI) was first derived through a heuristic discussion. This was solved, and it was
shown by a probabilistic argument that the solution to the VI coincides with the value function.
There are other many works dealing with this issue, such as [12, 13, 15, 16, 18].

To the best of our knowledge, this paper is the first study that deals with the constrained
optimal stopping problem on a regime-switching geometric Brownian motion. It is also new
to simultaneously impose the random arrival of investment opportunities and the regime
constraint. We note that the discussion in this paper is based on the approach in [7].
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The paper is organized as follows: Some mathematical preparations and the formulation of
our optimal stopping problem are given in Section 2. Section 3 introduces the corresponding
VI and solves its modified version in which two boundary conditions are replaced. We derive
explicit expressions for the solution to the modified VI, which involves solutions to quartic
equations, but it can be easily computed numerically. In Section 4, assuming that the two
boundary conditions replaced in Section 3 are satisfied, we prove that the solution to the VI
coincides with the value functions and the optimal threshold for our optimal stopping problem.
In addition, we introduce some numerical results. Section 5 is devoted to illustrating some
results on asymptotic behaviors, and Section 6 concludes the paper.

2. Preliminaries and problem formulation

We consider a regime-switching model with state space {0, 1} and suppose that the regime
process 6 is a {0, 1}-valued continuous-time Markov chain with generator

—Ao Ao

Al —A ’
where Ag, A1 > 0. We use the convention 6, =1 to simplify the definition of 7, which is
defined later. Note that the length of regime i follows an exponential distribution with param-

eter A;. We take the process X defined in (3) as the cash-flow process, and assume throughout
this paper that

r>uoV Uui. (5)

As mentioned in [1], if (5) is violated, the value function might take any large value by choosing
a large stopping time. Let J = {J;};>0 be a Poisson process with intensity n > 0 independent
of W and 6, and denote by Ty its kth jump time for k € N with the conventions 7o =0 and
T =00, where N:= {1, 2, ...}. Note that the process J generates the exogenous random
times when an investment opportunity arrives. In other words, for k € N, T represents the kth
investment opportunity time. Suppose that 6, W, and J are defined on a complete probabil-
ity space (€2, F, IP). In addition, we denote by [F = {F;},>¢ the filtration generated by 6, W,
and J. Assume that [ satisfies the usual condition. Furthermore, we restrict stopping to only
when the regime is 1. Thus, the set of all possible stopping times is described by

T :={reTy| foreachw e Q, Oy)(w)=1and 7(w) = Tj(w) for some j € No},

where Ty is the set of all [0, oo]-valued stopping times and Ny := NU {oo}. Next we
formulate the payoff function 7 as follows:

) =ax—K)" =1 (6)

for some o > 0, K > 0, and I > 0, but we exclude the case where K =1 = 0 since the optimal
threshold x* is 0, as seen in Remark 1. This formulation includes 7 (x) = (x — K)T as treated
in [7], and 7 (x) =x — I as in [19]. Moreover, (6) covers the payoff function introduced in (2).
In fact, [1] showed that

E[/ ertX;dt|9()=i,X0=xi| — (r I’Ll l+ l+ 1 l)'x .
0 (r— 1) — ) + 2(r — p1—i) + A—i(r — i)
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In the setting described above, we define the value functions v;, i =0, 1 as follows:

vi(0):= sup B e (Xo)],
ceT )
vo(x) := E*[e ™50 (Xg,)]

for x > 0, where & := inf{t > 0|6, = 1} and E** means the expectation with the initial con-
dition 0y =i and Xo = x. In fact, we should define vo as vo(x) := sup E%*[e "7 (X,)] in
terms of (4), but the definition in (7) is justified by the following:

sup E**[e ™" 7 (X;)] = B [e’f‘) sup Ele™" m(X;) |05 =1, Xy = XSO]:|
teT v'eT’

=E" e 50v (Xg,)],

where 0’ and X’ are independent copies of € and X, respectively, and 7 is the set of all possible
stopping times defined based on 8’ and X’. We discuss the optimal stopping problem (7) in the
following sections.

Remark 1. When K =1=0, 7 is given as 7 (x) =ox; thus vi(x) = sup, EM[e""X,]
holds. Since {e7""X;};>0 is a supermartingale, ]El'x[e_”lX,l] > ]El'x[e_"ZX,z] holds for any
pair 11, T2 of stopping times with t; < 75 by [20, Theorem 3.3, Chapter II]. Thus, the optimal
stopping time is given by the first one we can stop, which corresponds to the case where the
optimal threshold is 0.

3. Variational inequality

We discuss the variational inequality (VI) corresponding to the value functions v;, i =0, 1.
From the same sort of argument as in [7, Section 3], the VI is given as follows.

Problem 1. Find two non-negative C2-functions Vo, Vi: Ry — Ry and a constant x* > K

satisfying
Vi(0+) =0, i=0,1, (8)
—rVo(x) + Ao Vo(x) + Ao(V1(x) — Vo(x)) =0, x>0, 9)
—rVi(x) + A1 Vi(x) + 21 (Vo(x) — Vi(x)) =0, 0<ux<ux™, (10)
—rVi(x) + A1 Vi) + 21 (Vo) — Vi) + n(w(x) — Vi) =0, x>x*, (11
Vi) = m(x"), (12)
Vi(x) > m(x), 0<x<x*, (13)
Vix) < w(x), x> x*, (14)

where R, := [0, 00), K:=K+ (I/a), and A;, i =0, 1, are the infinitesimal generators of X
under regime i defined as (A;f)(x) := wixf’(x) + %al.zxzf’ "(x), x > 0, for the C>-function f.

Remark 2. We now explain intuitively the derivation of the VI (8)—(14). First of all, the value
functions v;, i =0, 1, are non-negative since vi(x) > sup . EL*[e=""(=I)] =0. Thus, (8)
would hold. Assuming that the optimal stopping time t* is of threshold type with the optimal
threshold x*, that is,

" =inf{r > 0| X, > x*, 6, =1, t =T; for some j € N},
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we expect that the conditions (12)—(14) are satisfied. Next, suppose that 8y = 0. Since &y ~
exp (Ap), we can rewrite vy as

o0
vo(x)zEO’x[ / e~ T2 v (X)) dt}.
0

Thus, (9) is derived from [14, Proposition 5.7.2]. To see (10) and (11), we define

_ {n(x), x> x*,
Vx):=nx) Vv Vi) = (15)

Vitx), x<x*.
We can then unify (10) and (11) into
—rV1(®) + A1 Vi) + 11 (Vo) — Vi) + n(V(x) — Vi(x)) =0, x>0. (16)

V corresponds to v(x) := vi(x) V m(x), which is the value function of the optimal stopping
problem with 0 added to the possible stopping times, as discussed in [7], i.e. v is described as

)= sup EM e n(X)]
TeT U0}

Now, assume 9y = 1 and define &1 := inf{r > 0| 6, = 0}. Since &; ~ exp (A1) and T ~ exp (1),
we can rewrite vy as

vi() = EM e O (yo(Xe g, <71,y + VX7 Lig, 571 ]

o oo
= El’x[/ / e_r(’l/\’z)(vo(X,l)l{t1 <t} + V(Xz2)1{11>12}))tle_k'tl e dry dtZ]
0 0
o
0

As a result, [14, Proposition 5.7.2] provides (16).

This section aims to solve the following modified version of Problem 1, in which we replace
the boundary conditions (13) and (14) with (17) below.

Problem 2. Find two C>-functions Vg, Vi: Ry — Ry and a constant x* >K satisfying
(8)—-(12) and

<1 A7)

To solve Problem 2, we need some preparations. For i=0, 1 and k=L, U, Gi-‘ is the
quadratic function on 8 € R defined as

1
Gi(B) = 50,2/3(/3 — D4 i — i+ + iz s—uy)-

The equation Gf‘ (B) = 0 has one positive and one negative solution, denoted by g“ik’+ and g“l-k’_,
respectively. For each k = U, L, we write F’ k)= Gé(ﬂ )G]f (B) — AoA1, and consider the quar-
tic equation F¥(8) = 0. Since F*(0) > 0, Fk(gik’i) <0, and FX(B) — oo as B tends to £00, the
equation F’ k(ﬂ ) = 0 has four different solutions, two of which are positive, and two of which are
negative. Now, for the equation F(8) = 0, we denote the larger positive solution by ﬂk and the
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other positive solution by ﬂ'B‘ . Note that F=(1) is positive, and gl.L’+ > 1 holds since G%‘(l) <0.
Thus, 1 < ﬂ]% < ;I-L‘Jr < ,Bk holds for i =0, 1. A similar argument can be found in [10, Remark
2.1]. Furthermore, the same holds for the quartic equation FU(8) =0. Let ,BX and ﬂg be the

larger and the other negative solutions to FU(8) = 0, respectively, i.e. ﬂg < g“l-U’7 < ,BX <0
holds for i =0, 1. In addition, we define the following constants:

o anko
O r = o+ M) — i1 A+ 1) — Aoht
= an(r— o + Ao)
T (r—po+r)r— i+ A1) — Aort
- (18)
bo aKnig
0 Rl — A+ )
b aKn(r + 1o)
LT oM — A )
and
ol %5 = BOCBE + B) + (B — DB —
A (8% — BHBL + BE — BY - BY) ’
ok . —oK By — BOCAy + B5) + biBAAY
A (BS — BHBL +BE — By —BY)
pL . BE = BOBE — B) —a1(B — D(Bg — 1)
B Bk — BHY(BE + BE — BY — BY) ’
ok .- ZKBX — BBx — By) — b1BR By
B B - BB+ S —BY - BY) 1)
pU._ 9B5— Bp)(Bs — Be) +a1(Bg — DX+ B5 — By — D
A BY — BOYBL + B — BY — BY) ’
o .o —KBK — BE)Bs — By) + b1B3 (B + By — Bp)
A (BY — BOYBL + BE — BY — BY) ’
pU._ YBE = BOBE +BR) —a1(B — DB + B — B — 1)
B-— U_ /U L L_ pU_ pU ?
(BY = BOBL + BS — BY — BY)
o —aK(BY — BO(—BE + BY) — b1BY(BY + B — BY)
B BY — BOBL + 85 — BY — BY) '
With the above preparations, we solve Problem 2 as follows.
Proposition 1. Problem 2 has the following unique solution (Vy, V1, x*): Fori=0, 1,
Vi(x) = ALxPX + Bl 0 <x<x* (20)
Vilx) = AlU)cﬁ/[\J + BlUx’BIIBj +aix+b;, x> x*, 21)
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and
(-5 (=805  (BYL—DOR  (Bg —DQO§  bo
. G5 (BY) Gs(BE) Gy (BY) GY(BE) 2o
== T~ pL I~ pL U U U U’ (22)
(1 _,BA)PA (1 - ,BB)PB (ﬂA - 1)PA (ﬁB - 1)PB
GL(BY) GL(BE) GJ(BY) GJ(BY)
where .
Af = () PAPRx* + Q).
B = () Fa(Phx* + 0f),
T (23)
GE(BX)
k _ —A0 ok
O GEE) !
fork=L,U.

Proof. For the time being, we use 7 (x) := ax — oK instead of m,i.e. we rewrite (11) and
(12) as follows:

—rVi(x) + A1 Vi) + A1 (Vo) — Vi) + n(@(x) — Vi(x)) =0, x> x", 24)

Vi(®) =7 (x"). 25)

Step 1. For 0 <x <x™, a general solution to (9) and (10) is expressed as (20) with some

AL, B € R and some Bk, L > 0. Note that the non-negativity of B and g is derived from

the condition (8). Without loss of generality, we may assume that ,BE > ,BI];. Substituting (20)
for (9) and (10), we obtain

(ALGH(BY) + MAY xR 4+ (BEGH(BE) + LBy xf5 =0, i=0, 1,

for any x € (0, x*), which is equivalent to AZ-LGZ-L(,B]/;) + )‘iA%—i =0and B%GiL(ﬂﬁ) + )\,‘BlLfi =0
fori=0, 1. Thus, B satisfies Af GG (BRATGY(BY) = (—roAT)(—M1AD), ie. G (BYGT(BY) —
ApA1 = 0. In addition, the same is true for ,BIB‘. Thus, as defined above, ,BI& and ﬂ'B‘ are the larger
and smaller positive solutions to the equation F“(8)=0. Moreover, AiL and BiL satisfy the
following:

AL M 4L Blo__ "0 _p (26)

CToGkh Y Gl

Step 2. Next, we discuss the case where x > x*. First, we need to find a special solution to (9)
and (24), since (24) is inhomogeneous. Note that 7 is of linear growth. For each i =0, 1, we
can therefore write a special solution as a;x + b;. Substituting a;x + b; for (9) and (24), we have

(—rag + poag + Ao(ar — ag))x + (—rbg + Ao(b1 — bp)) =0,
(—ray 4 wiay + r1(ap — ar) + (@ — a))x 4 (—=rby + r1(bo — by) + n(—aK — b1)) =0
27

for any x > x*; in other words, all the coefficients in (27) are 0, from which g; and b;
satisfy (18).
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Now, we derive V;(x) for x > x* in the same way as the previous step. For each i =0, 1, we
can write a general solution to (9) and (24) as

Vi()c):AlUxﬁ/I\J +B}‘J)c/3113J + a;x + b;, x> x*,
with some AY, BY e Rand BY, A5 € R. By (9), (24), and (27), it follows that
AVGY(B)) + 2,47 =0, BYGP(BE) + mBY ;=0

fori =0, 1. Thus, in the same way as for Step 1, ﬂg and ﬂg are solutions to the quartic equation
F U(ﬁ ) = 0. On the other hand, if either of ,BX or ﬂg is positive, then (17) is violated since any
positive solution is greater than 1. Thus, ,BX and ﬂg are the negative solutions, and we may
take them so that ﬁg < ﬂg < 0 without loss of generality. Moreover, we have

Step 3. By the C? property of V| and the boundary condition (25), it follows that
ALG)PR + BE ) = AV )R + BY Y + arx® + by = 7 (),
BRAL (P! 4 BLBL (B! = pAY (PR 4 BUBY O
BL(BE — DAYG)PA2 4 BE(BE — DB ()2 = BY(BY — DAV (A2
+BY(BY — DBY () 2.
Solving the above, together with (26) and (28), we obtain (23).
Step 4. In this step, we derive (22). Since Vj and V(/) are continuous at x*, we have
ALY + BE ()P = AV ()R + BY(*)P8 + agx* + bo,
BRACPA! 4 BLBL(B 1 = BPAR (P! 4 BYBY () 4 ap.
Using (23) and cancelling ag, we obtain

((1—ﬁk)Pk (1-gHPs By — DHPY (ﬂS—l)PE)*

GL(BY) GL(BY) GJ(BY) Gy (BY)
(-BRQ% , U—BpQF BN —DOX  (Bg— Q5  bo _
Gs(BY) Gs(BE) Gy (BY) GYy(Bg) A

and denote this as Px* + Q= 0. Recall that % > ¢ > gL > 1 and By <)~ < BY <.
Thus, G(I;(,Bk), Gg(ﬁg) >0 and G](;(ﬁﬁ), Gg(ﬂg) < 0 hold. Moreover, we can easily see that
PL. Py <0, P5, PY >0, 0%, OF >0, and 0%, OY <0. Thus, all the terms in P are positive,
and those in Q are negative. We then have x* = —Q/P > 0, i.e. (22) holds.

Step 5. We show that V;, i =0, 1, are R -valued in this last step. Since V;(x) ~ a;x + b; as
x— ooanda; > 0fori=0, 1, there is an M > 0 such that V;(x) > O forany x > M and i =0, 1.
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Now, we write V;()Z) = mine(o,m) Min;—o,1 V;(x) and assume that V;-GZ) < 0. We then have
V:®) =0, V{(®) > 0, and V;(x) < V,_;(¥). WhenX € (0, x™), it follows that

~ I 5.
—rV5(®) + uEVi(®) + zafﬁ VI®) + MV ) — V(@) = 0. (29)

Thus, we have V;(EE) > 0, which contradicts the assumption that V;(Y) < 0. Next, consider the
case where X > x*. If i = 0, then (29) holds. This is a contradiction. When i = 1, we have

- 1o -
=i + piEVI® + 50T V@ + 41 (@ = Vi®) + 1FE®) — Vi@) =0.

The second, third, and fourth terms are non-negative. In addition, the fifth term is also
non-negative since 7 (x) > 7 (x*) = V(x*) > V{(x). Thus, V|(X) > 0, which is a contradiction.
Lastly, when X = x*, for any & > 0 there is a § > 0 such that ;/.;V;f(x) > —&, V;,”(x) >0, and
V,_;(x) — V+(x) > —¢ hold for any x € (x* — §, x*). We then have —rV+(x) — ex* — X;e <0 for
any x € (x* — 8, x*) from (29), which means that V;(x*) >0 holds. This is a contradiction.
Consequently, V;, i=0, 1, are R -valued. In particular, we have V{(x*) =7 (x*) >0, from
which x* > K follows. Thus, V;, i =0, 1, satisfy (11) and (12) since K > K and 7 (x) = 7 (x) for
any x > K. Consequently, (Vp, Vi, x*) gives the unique solution to Problem 2. This completes
the proof of Proposition 1. (]

4. Verification

In this section, we show that the functions V;, i =0, 1, given in Proposition 1 coincide with
the value functions v;, i =0, 1, defined by (7), and an optimal stopping time 7* exists as a
threshold type with the optimal threshold x* given in (22). To this end, we assume that V;
satisfies the boundary conditions (13) and (14). This assumption should be proven, but we will
give only a sufficient condition because it is difficult and complicated.

Proposition 2. V| satisfies (13) and (14) whenever all of the following conditions hold:
(i) BY, AV >0,
(ii) BR(BX — I)A%(X*)ﬁkJ + B5(BE — 1)3%()(*)/31%—2 > 0, and
(iii) BRAY(A! 4 BEB () <

Proof. We have V/'(x) = xP52{BL(BL — 1)ALxPAi—P5 + BL(BL — 1)BL) on (0, x*). Since
1 < Bk < B%, V{(x) > 0 holds on (0, x*) under (i) if A" > 0. On the other hand, (ii) implies

that BL(Bk — 1)A'f(x*)ﬂk_ﬁl§ + BE(BE — DB > 0. Thus, V{'(x) > 0 on (0, x*) even if A} <0,
i.e. V1 is convex on (0, x*). Moreover, (iii) yields that V{(x*) <, i.e. V{(x) <« on (0, x*) by
the convexity of Vj. Simultaneously, V{(x) > 0 holds since V{(0+)=0 and V{'(x) > 0. As a
result, V1(x) > 0 on (0, x*). Hence, we have

Vi) > {—a(x* —x) + Vi) vO={—a@x* —x) +7(")} vO>m(x)

for any x € (0, x*), from which (13) is satisfied.
Next, from (i), (ii), ,BE < ,BE <0, and the continuity of V' at x*, we have

V/(x) = x5 2(pY(BY — NAYXA S 1 pUpY — 1)BY}
> x5 2(BY(BY — AV Ps + Y(BY — DBV} > 0
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for any x € (x*, 00), i.e. V1 is convex on (x*, 00). We then have V| (x*) < V| (x) < a; for any
x € (x*, 00) since V| (x) — aj as x — 00. Since a; < « holds by (18), we obtain

Vix) <a(x—x)+ Vi) =ax —x") + 7 (x*)=7(x)

on (x*, 00), and (14) follows. O

Using numerical computation, we can confirm that the above conditions (i)—(iii) are met for
many parameter sets. In fact, with » = 0.1 and 7 (x) = (x — 0.9)" — 0.1 fixed, the values of g
and u1 as —5, =2, —1, —0.5, 0, 0.05, 0.099, and oy, o1, Ag, A1, and n as 0.1, 1, 2, 5, the above
conditions were satisfied for all 50 176 parameter sets.

Remark 3. To show that V;, i =0, 1, satisfy (13) and (14), a PDE approach discussed in [1]
should be helpful. Note that [1] treated the same cash-flow process as this paper, but no restric-
tions on stopping time were considered. Thus, different from (9)—(11), the two value functions
in [1] satisfy the same type of PDEs. In addition, since the random arrival of investment oppor-
tunities is not considered in [1], the value functions on the interval (x*, co) coincide with the
payoff function . In our setting, however, V; satisfies different PDEs depending on whether x
is greater than x* or not. As a result, the structure of the VI in our setting becomes much more
complicated than that in [1], making the proof of (13) and (14) challenging.

Let us start with some preparations in order to show our main theorem. First of all, we show
the following lemma.

Lemma 1. Fori=0, 1, Vi’ is bounded, and there is a c¢; > 0 such that Vi(x) < c¢ix for any x > 0.

Proof. For any x € (0, x*) and i =0, 1, we have
Vi)l = |} a5 4 B i~ | < A} |BRG)A ! + |BE B0 5!
since ﬂk, /3]15 > 1. On the other hand, for any x > x* and i =0, 1,
Vi)l =AY BRPA—1 4 BYBYAP~! + ay| < |AY BY|(e)PR 1+ |BYBY ") + fal,
since ﬂg, ﬂg < 0. Hence, Vi’ is bounded, which implies that, for eachi =0, 1, thereisac; > 0

such that V;(x) < c;x for any x > 0 since V;(0+ ) =0. U

In addition, we define T,g = inf{r > T,i_l | 6; =1 and t = T; for some j € N} for k € N with
the conventions Té =0and Tgo = o0o. Note that T,,i € T represents the kth time when stopping
is feasible, and T is described as

T ={t €7y |foreach w € Q, 1(w) = le(a)) for some j € Noo}.

Now, we define N* := inf{n € N | X;1 > x*}, with the convention inf ¥ = co. Note that N* is
an N-valued stopping time, where N o := N U {oo}. Hereafter, we write Z ~ exp (A) when a
random variable Z follows the exponential distribution with parameter A > 0.

The following theorem is our main result.

Theorem 1. Suppose that Vi satisfies (13) and (14). Then vi(x) = Vi(x) holds for any x >0
and i =0, 1, and the stopping time t* := T,{,* € T is optimal for the optimal stopping problem
defined by (7).
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Proof. We divide this proof into five steps.

Step 1. In this step, we fix 6y = 0 and X = x, and write &y := inf{r > 0]6; =1}. For i =0, 1,
we denote by Y= {Y;},Zo a geometric Brownian motion starting at 1 under regime i, i.e.
the solution to the SDE dY,i = Y}(,u,- dt + o; dW)), Yé = 1. In the following, when we write
Y!, its independent copy may be taken if necessary. Note that thO =X, holds if ¢ < &g, and
& ~ exp (Ag). Now, we see the following:

Vo(x) = E[ /O - e~ RV (kYD) dt:|, x> 0. (30)
To this end, we first define
Y= e PRy, (x Y1y g, (31)
1t6’s formula implies that
o) = { Vo(x) + fo t e~ RS (r 4+ 20)Vo(xY?) + Ao Vo(xY?)) ds
+ /O t e~ RS oo x YOV (x¥0) dW } 1<)
Taking expectation on both sides, we have
E[®Y] = Vo()E[ <51 + JE[ /0 t e RS (A0 (kYD) dsl{,<§0}]
+ ]E|: /Ot e~ (A0 gaxy? V(’)(ng) dWsl{KgO}]
= {Vo(x) — IE[ /0 Loy, @Y) ds] +E[ /0 te_(’“(’)saoxYSV(’)(xY;))dWS] }e—W

t
- {Vo(x)—]E[ / e~ 2050V (x1?) ds]}e)‘ot.
0

The first equality is due to (9); the second is due to the independence of &y and W, and
£o ~ exp (A9). The last equality is obtained from the boundedness of V{ by Lemma 1 and

the integrability of fot (Y9)? ds. From (31), we obtain
t
Vo(x) = E[e "0V (x¥0)] 4 JE[ / e~ 2050V (xY?) ds].
0

Since Vp(x) < cox from Lemma 1 and r > g from (5), we have

Ele” "0y < Ele™ "0 coxy}],
which tends to 0 as r — co. As a result, since V| >0, the monotone convergence theorem
implies (30).

Since &y ~ exp (1¢), (30) can be rewritten as

Vo) =E[e™ Vi (xYp))] = E**[e "5V (Xg,)]. (32)
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From (7), showing v; = V|, we obtain vo = Vy immediately. In what follows, we focus on the
proof of vi = V7.

Step 2. Throughout the rest of this proof, we fix 6p = 1 and Xy = x. Here we aim to show the
following by a similar argument to Step 1:

Vi(x) = IE[ / - e~ rFMEDIG L Vo(eY D + nV(xy ) dt:|, (33)
0

where V is defined in (15). To this end, we define ®} := e~ "+ 140V, (xY )1, ¢, r7,), Where
&1 := inf{t > 0| 6, = 0}. In addition, recall that 71 = inf{r > 0 | J; = 1}, i.e. the first investment
opportunity time. Noting that P(f < & A T1) = e~ *17" we obtain

t
El@]= {Vl(x) - E[ /O &P VoY) + VY ) ds} }e<M+n>r

from 1t6’s formula and (16). By the same sort of argument as in Step 1, (33) follows.

Step 3. This step is devoted to preparing some notation. First of all, we define two sequences
of stopping times inductively as follows: 58”1 =0and, forkeN,

g70 = inf{r > 271 16, =1,6,=0},
7= inf{r> 7016, =0,6,=1).

We call the time interval [S,?__jl, é,?_’l) the kth phase. Note that each phase begins when

the regime changes into 1, moves to regime 0 midway through, and ends when it returns to
regime 1 again. Moreover, we define the following two sequences of independent and identi-
cally distributed random variables: U,i = Sklﬁo — E,?jl , U,(g = $,?ﬁl — f;‘,gﬁo. Note that each

U,’; ~ exp (A;) expresses the length of regime i in the kth phase, and U,?O and U,ll are indepen-

dent for any ko, k1 € N. For k € N, we denote by Ty the first investment opportunity time after
the start of the kth phase, i.e.

Ty := inf{t > é,?jl | t=T; for some j € N}.

Note that 7 is not necessarily in the kth phase, and 67 may take the value of 0. In addition,

we define U,f =Ty — s,?jll ~ exp (1), which represents the length of time from the start of
the kth phase until the arrival of the first investment opportunity.

Step 4. In this step, we show that
Vi =E" e VXl (34)

Recall that Tll =inf{tr > 0|6, =1and t =T, for some j € N}, ie. the time when stopping
becomes feasible for the first time.
First of all, we can rewrite (33) as

—rU} 1 -0yl
Vi@ =E[e” VoG L1 gty +e" lv(xyw)lwku]l}], (35)
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since Ul1 is independent of Uf and ]P’(Uf >1)=e ", Using (32) and (35), we have

Vi) =E[e ! 0 (xYl Y0 ))1{,,1 ory +e UV (xr) )l{u{’w;;]

—E }:‘“UHU?) (e—’Uz' Vo (xYll]ll Yo Y(1121>1 wi<un +e V(XYLI/,I Yo ng)l{l,5< U;})lwll s
e UV (ke gp oy

—r(U} +U +U. 1
=E U 2)V0(XY Ygo UI)I{U1<UP}Q{UI<UP}

—rU+U)+UY 1 U
4e 2)V(xY U“ )1 Ul <UM)n(UE<U, }—{—e - IV(xY )I{UP<U1}]

Note that all random variables in the above are independent. Now, we write
n n—1

ZS ‘= exp {—r(Z U,l + Z U,?)}V()(x
k=1 k=1

Z o AUyl
forneN,Z :=e”" lV(xYUf)l{Uf<U11},and

k1 k1
_ 1, 170 p
Zi:= exp [_r< Z U +U;)+U ) ] ( )lﬂfl'w}w}’}m{u,‘jw,l}

.[ 1 j:l

n—1

1
YU,{) lﬂZZI{UkU}?}
k=1

for k > 2. Note that, for k € N, we can rewrite Z; as
— _Tl=
Zr=e"" V(XTII)I{EI?jIISTll <£~0) 36)

when 6p = 1 and Xy = x. We then have, forany n € N, V{(x) = E[Zg + >0 Zk].
From Lemma 1 and the independence of all the random variables, it follows that

n—1 n n—1
E[Z0] < E|:exp {—r( PR/EDY U0> }V()(x I1 Y, I1 Ygo):|
k=1 k k=1 k

k=1 k=1
n n—1
§]E|:coxl_[ —rUA Yl l—[ —rU,?Yo :|
k=1 k=1
n n—1 )\1 n )\0 n—1
:cOxHIE _rUle HE _rUkYO <C0x< )( ) ,
Pl Pl r—p1+ Al r— o+ Ao
since
E[ —rUkYz ]_L
Ud ™ r — i+ A

As a result, we obtain lim,_, IE[ZS] =0. Since each Zj is non-negative, the monotone
convergence theorem implies that

Vix) = l_i)rgoE|:Z,?+sz:| =E|:sz:|.
k=1

k=1
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Thus, (36) provides that
1 as 1
Lx| —rTly _mwla[.—T'y
Vi) =E x[e ' ‘V(er)kzl l{sﬁlsrksﬁ‘)}} =B e VD7 o]

On the other hand, e "V (X;) < e "(c; V «)X; holds. Since e~"'X; is a non-negative super-
martingale, it converges to 0 almost surely (a.s.) as t — oo by, e.g., [14, Problem 1.3.16]. As a
result, we have

E],x[efrTll‘_/(XTll)l{Tll ] :El,x[efrTll‘_/(XTll )]’

<oo}
from which (34) follows.
Step 5. We define a filtration G = {Gp}sen, as G, := ]:TJ and a process S = {gn}neNO as S, 1=
e_rTh_/(XT,})» where Np := N U {0}. We then have, for any n € Ny,

§n > e—rT,i Vi (XT,})

= BEV [TV || =B e V(X )16, =B 1S 1 Gl

y=Xr1

where Tll is an independent copy of Tll. Thus, S is a non-negative G-supermartingale, and S,
converges to 0 a.s. as n — 00. On the other hand, [7, Lemma 1] implies

T= {T,]\, | N is an Ngo-valued G-stopping time}. 37

Since Eo >Rl [§n] >0 for any n € N, the optional sampling theorem, e.g. [5, Theorem 16,
Chapter V], together with (34), yield

Vit =EM[81] 2 B [Sy] 2 B e (X |

for any Noo-valued G-stopping time N. Taking the supremum on the right-hand side over all
such N, we obtain v; < V| from (7) and (37).
Next, we see the reverse inequality v; > Vj. To this end, we recall that N* := inf {n eN|

XT,{ > x*} and define §: = exp{—rT1 *A”}‘_/(XTIIV*N’) for n € Ng. As shown in Lemma 2, s =
{EZ},,GNO is a uniformly integrable martingale, which implies that
- _—* _ . l,X =k
Vi) = V) =Sy = nli>nolo E [Sn]
1, o x| T _mlxf =Tl
=E™ lim 5] =E"[e v V(xp )| =B [e v r (Xn )] smi,
since V(x) = m(x) for any x > x*, and T € 7. Consequently, we obtain

vi(x) = Vl(x):El’x[e”Ti{J*n(XThl]*)], x>0,

and thus the stopping time Tll,* is optimal. This completes the proof of Theorem 1. (]
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Lemma2. S isa uniformly integrable martingale.

Proof. We prove this lemma with an argument similar to [7, Step 2, Section 3.2]. First of
all, for any n € N, we have

B[S, 1 Goo ] = B e BV ez | Got ] + B [0 V(X1 Ve 1G]

= B TVOG)]| | Tiwean +e TV 0G iy
= *
=e Ty, (XT,Ll Vvezny + e_rT’IV*‘_/(XT},* )i+ <n)
—%

B —— 1T\
=e rTn—]V(XT,{_l)l{N*Zn} +e ’TN*V(XT}V*)I{N*Q} =Sn-1:

where Tll is an independent copy of Tll. Asaresult, S" isa G-martingale.
Next, we show the uniform integrability. To see this, we have only to show that
SUP,cN ]El'x[|S: |p] < oo for some p > 1. Since V(x) <(c1 V a)x, it suffices to see that

sup E],x[ exp {—prTI{,*M}X‘;1 ] <oo forsomep > 1. (38)

neN N*An

Note that

t 1 t
e PXY = xP exp {p/ (,u,gs —r— 50&) ds —i—p/ 0p, dWS}
0 0
t _1 r 2 t
=x’ exp {pf (/L(-)S —-r+ %o&) ds—/ %ogzx ds—i—/ DOop, dWS}.
0 0 0

Now, we take a p > 1 satisfying u; —r+ %oiz(p —1) <0 for any i =0, 1. Writing M} :=
e’prTr1 X‘;'} ,n € No, we can see that M* = {M},,cN, is a non-negative G-supermartingale. Thus,
the optional sampling theorem, e.g. [5, Theorem 16, Chapter V], implies that

ELX[exp { —prT]{,*An}XIT’Z{I*A ] :El,x[Ml’(]*M] <Mj=x"

holds for any n € N, from which (38) follows. O

By Theorem 1, an optimal stopping time t* exists as a threshold type with the optimal
threshold x* if V; in Proposition 1 satisfies the boundary conditions (13) and (14). Moreover,
(20), (21), and (22) give expressions for the value functions v;, i = 0, 1, and the optimal thresh-
old x*, respectively. Although these expressions contain solutions to quartic equations, we can
compute the value of x* numerically and illustrate the value functions v;, i = 0, 1; for example,
for the case where 7 (x) = (x — 0.9)T — 0.1, r =0.1, po = —0.1, 1 = 0.05, 69 = 0.2, 51 =0.1,
Ao =2, A1 =1, and n = 1, we obtain approximately

—4.05 x 10751718 4+ 0.10x352, 0 <x < x*,
vo(x) =

0.16x328 —0.12x"2612 4 0.80x — 0.83, x> x*,

—3.53 x 10791718 4+ 0.11x352, 0 <x < x*,
vi(x) =

0.07x 328 —0.91x2012 4 0.88x — 0.87, x> x*
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by rounding off the third decimal place of all the coefficients and all exponents, and x* =
1.250 142 442 232 948. Figure 1 illustrates the functions vo(x), vi(x), and m(x) by dashed,
solid, and bold curves. Furthermore, it is immediately seen that the value functions v;, i =0, 1,
are non-negative, non-decreasing convex functions and v;(x) ~ a;x as x — oo for i =0, 1.
However, the magnitude relationship of vy and v; depends on how we take the parameters.
The function v; is larger in the above example, but simply replacing the values of 1o and g
with 0.08 and —0.5, respectively, reverses the magnitude relationship between vy and v; as
illustrated in Figure 2. Also, x* for this case takes the value 1.004 076 896 125 947. Note that
the two cases discussed here satisfy all three conditions of Proposition 2.

5. Asymptotic behaviors

This section discusses the asymptotic behaviors of the value functions v;, i=0, 1, and
the optimal threshold x* when some parameter goes to co. To compare with results in the
existing literature, we consider the case where X is a geometric Brownian motion given as
dX; =X, (u dt + o dW;), i.e. w=puo=pu1 and o =09 =o1. Then, simple calculations show
that

gl nm (1_n 2 200+ A+7)
AT g2 2 o2 o?
1 nw 1 I 2 o
L_-_H I_® fl
'BB_Z 02+\/<2 02> 2’
1 u 1w\ 1
v__-_”" _ - _ = . _ 2 _
pr=g - \/(2 02> + G0+ 240+ 20— G+ 0+ R — A,
o 1w\ 1
Be=5—S5—Jl5—= +—2()»0+)»1+rl+2r+\/(?»0+?»1+n)2—4?xon)~
2 o 2 o o

(39)

5.1. Asymptotic behaviors as n — oo

When n — oo, investment opportunities arrive continuously, which means only the regime
constraint remains. First of all, we have

2
w L u 2(ko +1) L gU
7‘\/<z—;>+a——%’ P e = o0, (40)

but the values of ,Bk and ,3151 are independent of 7. In addition, it follows that

1
Jdim pX =3

ak akA -
ap— —20 g by -0 b —aK (41)
r—u+o r+ho

as n — o0o. By (19) and (40), we can see that

(—B5 + Do pLak BY — Da —BLaK
PL B , L B L A , 1 A
AT TRl gL OAzgr_pr P87 g BT g g

as 1) — oo, and PY, 04, Py, and Qf converge to 0, which implies that lim,_, o V1 (x) = ax —
oK. Now, we assume that lim,_, o v1(x) > 7 (x) for any x € (0, x} ), which makes Theorem 1
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FIGURE 1. vg(x), vi(x), and 7 (x) for g = —0.1 and @1 = 0.05.
available. By Proposition 1, Theorem 1, and (39), we obtain

lim v(x)
n— 00

(=L + Dax?, + pLak <i>ﬁ'& (BY — Dax?, — ﬂkal?( x
= Pi—P5 By~ Bs

ax — ok, x> x5,

Bg
k
" - , O<x<xi,,
'xOO xOO

where ,Bk and ,BIB“ are given in (39), and x%, := lim,_, o x* is given in (42). Since G%(/Sk) =X
and G%(ﬂl%) = —Xo, we have, for 0 <x < x}_,

lim vo(x) = — -2 Chy + Dt + Aok (i)ﬁA (B~ Dort ﬁ'&"K< : )ﬂB,
n—0o0

A Bx— Py B~ By

by (26). In addition, the continuity of V at x%,, togther with (41) and Py, QF — 0, imply that

2k *
'xOO xOO

_ @ A KA
lim vo(x)zAI)J(i) + Yo 2 O, x> x5,
n—00 x5 r—p4Ag r+Xo
where {é"_ =lim;_ ﬁg by (40), and
Yo o (=B + Daxi + Bk (BK — Daxh, — praK o aKxg '
x BL — BE BY — BL r—pu+i0 r+io
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FIGURE 2. vg(x), vi(x), and 7 (x) for o =0.08 and ;1 = —0.5.

From this last equation we have

. =MPY o (=Bk+ Do (B — Da ako
lim —m—g = ———p—7 L oL )
1= Go(By) M BR— Py Bx—Bg r—mtho
—2008  r PraK  —pkeK  aKig

lim ——F=—— .
1= GY(BY) M BK—Bg  Bi—Bg T+l
Substituting these limits and the limits obtained so far into (22), we get the following:

k

Xoo =

=+ 20| (Ro(B% = &7 ) B + 21 (BE — ¢ 7 )BK) 0+ 20 + £ (B% = Bror [R

(r+20){ (o Bk = 677 ) B = D+ 21 (B — &7 )85 = D)= +50) + (677 = 1)Bk — Bror1|
“2)

We can see that

~

* ﬂA

X >

K>K
c>o—13/f{_1 =

holds. In addition, for the case where o« = 1 and K =0, we can confirm that the above result
coincides with [19, Proposition 1].
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5.2. Asymptotic behaviors as Ay — oo

As Ap tends to oo, the regime O vanishes, and only the constraint on the random arrival of
investment opportunities remains. In other words, the model converges to the one treated in
[7]. In this case, it follows that

li L = o0,
)»Oinoo ﬁA o
. 1 u 1w\ 2m+n)
lim gV=-—-2 _ [(-- &
Aot Pa 2 o2 \/<2 02) Tt
lim By =—
s Pe = —oo. (43)
. on
lim ap, aj
Ap—>00 r—pu—+n
K
lim bo,b]z—a 77.
0—> 00 r+n

Note that the value of ﬂﬁ is independent of Ao. We then have lim;,,_, » P]/iv Qk, PIBJ, Qg =0,
and

~ r— o
lim Pi—a, lim Q5=—aR, lim PY= "M% .
Ag—> 00 Ag—> 00 Ag—> 00 r—u+n Lo—> 00 r+n

Moreover, Gg(,BX) ~n—Xiy as Ao — oo. In the same way as the previous subsection, we
obtain

O e s MIBE — D4+ —BDr+nK
m x = L U
oo (rHmIBE — D — 4+ + 1 = BN — )}
_ oG+ mpy - rBOK
(r+m(r — u+nBL — (r— wBY —n)

(=125

=[x\
“(x:o_K)<_> , 0<x<xi,
I _ x5
im vi(x)= ~ U ~
Ao—>00 (r—paxl, rak x \'A an aKn .
- - + X — , X > X,
r—pt+n  r+n/\xg r—p+n r+n

and lim;,,_ o vo(x) = limy;— o0 v1(x) for any x > 0, where ﬂg is the limit given in (43). As
seen in [7], we can prove that
> rir—p+mn) k=%

(r—w)(r+mn)
holds, and the boundary conditions (13) and (14) are satisfied. When o = 0 and I = 0, the result
in this subsection is consistent with [7].

*
xOO

6. Conclusions

We considered a two-state regime-switching model and discussed the optimal stopping
problem defined by (7) under two constraints on stopping: the random arrival of investment
opportunities, and a regime constraint. Under the assumption that the boundary conditions

https://doi.org/10.1017/jpr.2023.122 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2023.122

Optimal stopping under regime switching 1239

(13) and (14) are satisfied, we showed that an optimal stopping time exists as a threshold type.
In addition, we derived expressions for the value functions v;, i =0, 1, and the optimal thresh-
old x*, which include solutions to quartic equations, but can be easily computed numerically.
The asymptotic behaviors of v;, i =0, 1, and x* were also discussed. On the other hand, con-
firmation that (13) and (14) are always satisfied is still open. As discussed in Remark 3, this
is a difficult question. In addition, as future work, it is possible to extend our model to one
in which stopping is possible even in regime O but only at the jump times of an independent
Poisson process with different intensity from regime 1.
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